o 
o 

< 

(N 






(N 
> 

O 
00 

O 

o 

-(— > 

s 

X 



HOPF MONADS 



ALAIN BRUGUIERES AND ALEXIS VIRELIZIER 



Abstract. In this article, we introduce and study Hopf monads on autono- 
mous categories (i.e., monoidal categories with duals). Hopf monads generalize 
Hopf algebras to a non-braided (and non-linear) setting. Indeed, any monoidal 
adjunction between autonomous categories gives rise to a Hopf monad. We 
extend many fundamental results of the theory of Hopf algebras (such as the 
decomposition of Hopf modules, the existence of integrals, Maschke's criterium 
of semisimplicity, etc..) to Hopf monads. We also introduce and study quasi- 
triangular and ribbon Hopf monads (again defined in a non-braided setting). 
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In 1991, Reshetikhin and Turaev |RT91| introduced a new 3-manifold invariant. 
Its construction consists in representing the 3-manifold by surgery along a framed 
link and then assigning a scalar to the link by applying a suitable algorithm in- 
volving simple representations of a quantum group at a root of unity. Since then, 
this construction has been re-visited many times. In particular, Turaev |Tur94| 
introduced the notion of a modular category, which is a semisimple ribbon cate- 
gory satisfying conditions of finiteness and non-degeneracy, and showed that such 
a category defines a 3-manifold invariant and indeed a TQFT. 
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2 A. BRUGUIERES AND A. VIRELIZIER 

A more general setting for constructing quantum invariants of 3-manifolds has 
been subsequently developed in |Lyu95| , and more recently in jKL01llVir03| . where 
the input data is a (non-necessarily semisimple) ribbon category C which admits 

a coend A = J ^X ^ X. This coend A is endowed with a very rich algebraic 
structure. In particular, it is a Hopf algebra in C. In fact, in this setting, the 
quantum invariants depend only on certain structural morphisms of the coend A 
(see BV05, for details). 

Recall that a Hopf algebra in a braided category C is an object ^ of C which 
is both an algebra and a coalgebra in C, and has an antipode. The structural 
morphisms satisfy the traditional axioms of a Hopf algebra, except that one has to 
replace the usual flip of vector spaces with the braiding r of C. More precisely, the 
axiom expressing the compatibility between the product m: A iSi A ^^ A and the 
coproduct A: A ^ A(E) A oi A becomes: 

Am — [m® m)(idA ® ta,a ® idA)(A (g) A). 

Hopf algebras in braided categories have been extensively studied (see [BKLTOO) 
and references therein) . Many results about Hopf algebras have been extended to 
this setting. 

However, general (non necessarily braided) monoidal categories also play an 
important role in quantum topology. Firstly, they are the input data for another 
class of 3-manifold invariants, the Turaev-Viro invariants (see |TV92llBW96p . Also, 
via the center construction due to Drinfeld, they lead to a large class of braided 
categories: if C is a monoidal category, then its center Z{C) is a braided category. 
Under mild hypotheses, the category Z{C) admit a coend A, which is a Hopf algebra 
in Z{C). How can one describe this Hopf algebra A in terms of the category C? 
Note that, if the coend of C exists, then it is a coalgebra but not a Hopf algebra (and 
in general not even an algebra) and therefore is not sufficient to describe A. What 
we need is a suitable generalization of the notion of Hopf algebra to a non-braided 
setting. 

The aim of this paper is to provide such a generalization by introducing the 
notion of Hopf monad. What is a Hopf monad? Fix a category C. Recall that the 
category End(C) of endofunctors of C is a monoidal category, with composition of 
endofunctors for monoidal product and trivial endofunctor Ic for unit object. A 
monad on C is an algebra in the monoidal category End(C). In other words, it is an 
endofunctor T of C endowed with functorial morphisms ^: T^ —f T (the product) 
and rj: Iq —> C (the unit) such that, for any object X of C, 

l^xfJ'T(x) = fJ.xT(px) and ^J.xVTix) = idT(x) = fJ-xT{f]x)- 

Note that monads are a very general notion: every monad comes from an adjunction 
and every adjunction defines a monad. Let T be a monad on C. A T-module (also 
called T-algebra) is a pair (M, r), where M is an object of C and r : T{M) -^ M is 
a morphism in C, satisfying: 



rT{r) = r^fii and r-qM — id 



M- 



Denote T- C the category of T-modules and Ut : T-C -^ C the forgetful func- 
tor defined by UT{M,r) = M. Suppose that C is monoidal, and denote its 
monoidal product and 1 its unit object. When does the monoidal structure of C lift 
to T-C7 The answer to this question lies in the notion of bimonad introduced by 
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Moerdijk |Moe02| . A bimonad is a monad T which is comonoidal, that is, endowed 
with a functorial niorphism 

T2{X, Y) : T{X ®Y)-^ T{X) ® T{Y) 

(which plays the role of a coproduct) and a morphism Tp : T(l) -^ 1 (which plays 
the role of a counit) satisfying certain compatibility axioms which generalize those 
of a bialgebra. For example, the axiom which corresponds with the compatibility 
of the product and the coproduct is: 

T2{X,Y) tix^Y ^ {y^x ® t^Y)T2{T{X),T{Y))T{T2{X,Y)). 

Note that no braiding is needed to write this down. 

Now the next step is to define the notion of antipode for a bimonad. However, the 
usual axioms for an antipode cannot be generalized to bimonads in a straightforward 
way. In order to bypass this difficulty, we use the categorical interpretation of an 
antipode in terms of duality. Let C be a monoidal category which is autonomous, 
that is, such that each object X oiC has a left dual '^X and a right dual X"^ . Given 
a bimonad T on C, when is the monoidal category T-C autonomous? The answer 
to this question resides in the notion of Hopf monad. A Hopf monad on C is a 
bimonad T endowed with a left antipode and a right antipode, that is, functorial 
morphisms 



s 



J . rrt^rj^tvw .. ^v „„J „r . rrirr(v\"^\ , vy 



TCT{X)) -^ ^X and s^^ : T{T{Xy) ~> X'' 



which encode the autonomy of T-C. In particular, the left and right duals of a 
T-module (M, r) are given by 

\M, r) = Cm, 4,T(\)) and (M, r^ = {M\ sljT{r^)). 

The notion of Hopf monad is very general. Firstly Hopf monads generalize Hopf 
algebras in braided autonomous categories. Indeed, every Hopf algebra ^ in a 
braided autonomous category C yields a Hopf monad T on C which is defined by 
T{X) = A® X . In particular a finite-dimensional Hopf algebra H over a field k 
defines a Hopf monad T{V) = H ®V on vect(Ik). Secondly, Hopf monads do exist 
in a non-braided setting. In fact, any monoidal adjunction between autonomous 
categories gives rise to a Hopf monad. In particular, we give a Tannaka reconstruc- 
tion theorem in terms of Hopf monads for fiber functors with values in a category 
of bimodules. 

Quite surprisingly, many fundamental results of the theory of Hopf algebras 
(such as the decomposition of Hopf modules, the existence of integrals, Maschke's 
criterium of semisimplicity, etc..) extend to the very general setting of Hopf mon- 
ads, sometimes in a straightforward way, sometimes at the price of some technical 
trick. Also, many effective tools for the study of Hopf algebras turn out to have a 
monadic counterpart. In particular, we introduce the notions of sovereign grouplike 
element, R-matrix (and Drinfeld element), and twist for a Hopf monad T. These 
express the fact that the category T-C of T-modules is sovereign, or braided, or 
ribbon (recall that C itself need not be braided). 

In a subsequent paper |B V06| . we construct the double of a Hopf monad on 
an autonomous category C, which is a new Hopf monad on C. In particular, the 
double of the trivial Hopf monad Ic is a quasitriangular Hopf monad D on C, whose 
category of modules D- C is canonically isomorphic (as a braided category) to the 
center Z[C) of C. Moreover, we use this quasitriangular Hopf monad to describe 
the coend of Z{C). 
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The present paper is organized as follows. In Section ^ we review a few general 
facts about monads, which we use intensively throughout the text. In Section[21 we 
recall the definition of binionads. In Section 13 we define left and right antipodes 
and Hopf monads, and we establish their first properties. In Section^] we introduce 
Hopf modules and prove the fundamental theorem for Hopf modules over a Hopf 
monad. We apply this in SectionElto prove a theorem on the existence of universal 
left and right integrals for a Hopf monad. In Section we define semisimple 
and separable monads, and give a characterization of semisimple Hopf monads 
(which generalizes Maschke's theorem). In Section[7| we define sovereign grouplike 
elements and involutory Hopf monads. In Section|Sl we define R-matrices and twists 
for a Hopf monad. Finally, in Section we give other examples which illustrate 
the generality of the notion of Hopf monad, including a Tannaka reconstruction 
theorem. 

Conventions and notations. Unless otherwise specified, categories are assumed 
to be small, and monoidal categories are assumed to be strict. 

If C is a category, we denote Ob(C) the set of objects of C and Homc(X, Y) the 
set of morphisms in C from an object X to an object Y. The identity functor of 
C will be denoted by Ic- We denote C°p the opposite category (where arrows are 
reversed). 

Let C, V be two categories. Functors from C to T> are the objects of a category 
Fun(C,X'). Given two functors F,G: C ^ V, a morphism a: F ^ G is a family 
{ax- F{X) -^ G{X)}xeOh(c) of morphisms in V satisfying the following functo- 
riality condition: aYF{f) — G{f)ax for every morphism f: X ^ Y in C. Such 
a morphism is called a morphism of functors or a functorial morphism, (the term 
natural transformation is also used in the literature). We denote HOM(i^, G) the 
set HomFuN(c, !>)(-?': G) of functorial morphisms from F to G. 

If C, C are two categories, we denote ac,c' the flip functor CxC -^ C xC defined 
by (X, Y) ^ {Y, X) and (/, g) ^ {g, /). 

1. Monads 

In this section, we review a few general facts about monads, which we use inten- 
sively throughout the text. 

1.1. Monads. Let C be a category. Recall that the category End(C) of endofunc- 
tors of C is strict monoidal with composition for monoidal product and identity 
functor Ic for unit object. A monad on C (also called a triple) is an algebra in 
End(C), that is, a triple {T,fj,,r]) where T: C ^ C is a functor, ^■. T'^ ^> T and 
rj: Ic —^ T are functorial morphisms such that: 

(1) f^xTinx) = fJ-x fJ-Tix); 

(2) t^xriT(x) = idT(x) = l^xT{rix)] 

for all object X of C. 

Let (T, /i, 77) be a monad on C. A T-module is a pair (M, r) where M is an object 
of C and r : T{M) -^ M is a morphism in C such that: 

(3) rT{r) = r^iM and rr]M = idM- 
Note that T-modules are called T -algebras in |Mac98j . 
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Given two T- modules {M, r) and {N, s) , a morphisni / G Home {M, N) is said 
to be T -linear if fr = sT{f). Such an / is called a morphism of T -modules from 
{M, r) to {N, s). This gives rise to the category T- C of T- modules (with composition 
inherited from C). 

We will denote Ut:T-C-^C the forgetful functor of T defined by Ut{M, r) = M 
for any T- module {M,r) and Urif) = f for any T-linear morphism /. Then Ut 
admits a left adjoint Ft : C ^ T-C, which is given by Ft{X) — {T{X), fix) for any 
object X oiC and Frlf) = T{f) for any morphism / in C. Note that T = UtFt 
is the monad of this adjunction. 

Example 1.1. Let C be a monoidal category and A be an object of C. Let A^? 
be the endofunctor of C defined by (yl(X)?)(X) = A<SiX and (yl(g)?)(/) = id^ ® /• 
Let m: A(S^ A -^ A and u: 1 ^' A he morphisms in C. Define ^x = m ® \dx 
and 7]x = u ® idx- Then (A(8>?, ^, rj) is a monad on C if and only if {A, m, u) is 
an algebra in C. If such is the case, then (yl(g)?)-C is nothing but the category of 
left A- modules in C. Similarly, the endofunctor 1 ® A\s a. monad on C if and only 
if A is an algebra in C and, if such is the case, (? ® A)- C is the category of right 
A- modules in C. 

The following classical lemma will be useful later on. 

Lemma 1.2. Let T be a monad on a category C and Ut : T-C —^ C be the forgetful 
functor. Let T) be a second category and F,G: C ^f T) be two functors. Then we 
have a canonical bijection 

?* : HOM(i^, GT) -^ iiOM{FUT, GUt), f ^ /" 

defined by f,j^ ^-. — G{r)fM for any T -module (M, r). Its inverse 

?^ : Hom(FC/t, GUt) ^ HoM(i^, GT), g ^ g^ 

is given by g\ = g(T{x),nx)^i'nx) for any object X ofC. If F,G are contravariant 
functors (that is, functors from C°p to V), then the bijection becomes: 

?*: HOM(GT°P,i^) ~> HOM(Gt/°P,i^f/°P) 
^*^^ flM,r) = fMG{r) and g\ = F(r/x)g(T(x),Mx)- 

Proof. Let us verify the covariant case. We first remark that ?" and ?'' are well- 
defined. Indeed cy is clearly functorial, and /' is functorial since, for any T-linear 
morphism /i: {M,r) ^ (iV,s), we have /J^^^^i^(/i) = G{s)jt^F{K) = G{sT{h))fM = 

G{hr)fM = G{h)fl,^^y Now /I' = G{^lx)fT(X)F{vx) = G{fix)G{Trjx)fx = fx 
for any object X of C, and g^^^^,-, = G{r)g(T(M),^iM)Pi'nM) = g(M,r)F{r)F{r]M) ^ 
g{M,r) for any T-module (Af, r). Hence ?'* and ?^ are inverse each other. The 
contravariant case is a mere reformulation. D 

Given a functor F: C ^ T> and a positive integer n, we denote C'^'' — C y. ■ ■ ■ y. C 
and F^" : C" — > V^ the n-uple cartesian product of C and F. Note that if T is a 
monad on a category C, then T^" is a monad on C", and we have T^"-C" = (T-C)" 
and Utx-t, = (Ut)^^- Re-writing Lemma [1.21 for this monad, we get: 
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Lemma 1.3. Let T be a monad on a category C and Ut'- T-C -^ C be the forgetful 
functor. Fix an positive integer n. Let D be a second category and F,G: C" -^ D 
be two functors. Then we have a canonical bijection 

?«: Hom(F, GT^") ^ HOM(i^t/^",Gf7^"), / ^ /* 

defined by ffMi.ri) (A/„,r„) = ^(''i' • • ■ i ^n)/A/i,...,M„ • Its inverse 

?^ : B.0m{FU^'\ GU^"") -^ Hom(F, GT''''), g ^ g^ 

is given by 5xi,...,x„ = 5(T(Xi),mxi),....(t(x„),mx„)-P'('7Xi, ■ • ■,VxJ- The contravari- 
ant case can be stated similarly (see Lemma \l.^) . 

1.2. Convolution product. Let C, V be two categories and (T, /x,??) be a monad 
on C. Let F,G,H be three functors C" -^ V. Let / G Hom(F, GT^") and 
g G HOM(G,-ffr^"). Define their convolution product g * f & Hom(F, i/T^") 
by setting, for any objects Xi, . . . , X„ of C, 

(4) {g * /)xi,....X„ = H{nxi,- ■ ■ ,/-iX„)5T(Xi ),..., T(X„) /Xi,...,X„- 

This convolution product reflects the composition of morphisms in the category 
Fun(C",2?) via the canonical bijection HOM(i^,Gr^") ~ HOM(i^J7^", GC/^") 
given by Lemma 1 1.31 

We say that / G Hom(F, GT"''') is *-invertible if there exists g G Hom(G, FT""") 
such that g*f = F{ri^^) and f*g = G{r]^"). This means that /" is an isomorphism 
of functors, with inverse gK If such a g exists, then it is unique and we denote 
it f*-\ 

1.3. Central elements. Let T be a monad on a category C. By Section H"^ the 
set Hom(1c, T) is a monoid, with unit 77, for the convolution product * defined, for 
any 0,1/' G Hom(1c,T), by 

(5) (0 * ii)x = y'X'f)T(x)'^Px = y'xT{il^x)(l>x ■ X -^ T{X). 

Recall that, via the canonical bijection ?" : Hom(1c,T) -^ Y{om{UttUt) of Lem- 
ma ^21 this convolution product corresponds with composition of endomorphisms 
of the forgetful functor Ut-T-C^T. 

Given a G Hom(1c,T), let La,Ra G Hom(T, T) be the functorial morphisms 
defined, for any object X of C, by: 

(6) {La)x = ^J■xaT{x) and {Ra)x = nxT{ax). 

Remark that Lab — a *b and Rab = b * a for all a, 6 G Hom(1c, T). 

A central element of T is a functorial morphism a G Hom(1c,T) such that 
La — Ra- For example, by (0), the unit 77 of T is a central element. Notice that 
any central element of T is in particular central in the monoid (Hom(1c, T), *, 77). 

Lemma 1.4. LetT be a monad on a category C and a G Hom(1c,T). The following 
conditions are equivalent: 

(i) The morphism a is a central element of T ; 

(ii) For any T-module {M,r), the morphism af^ ^-, : M ^ M is T-linear; 
(iii) There exists a (necessarily unique) functorial morphism a: 1t-c -^ ^t-c 
such that Uria) = a". 
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Proof. Clearly, (ii) is equivalent to (iii). Let (M, r) be a T-module. Then, using ^, 

"■Ihi.rf ^ ^^'^i'^ = '^T{r)aT(M) = rpiMaT(M) = r{La)M 
and 

''^("(M.r)) == rT{r)T{aM) = r^MT{aM) = r{Ra)M- 
Therefore (i) is equivalent to (ii) by Lemma [1.21 D 

1.4. The adjoint action. Let T be a monad on a category C and consider the 
maps L,R: Hom(1c,T) ^ HOM(r,T) defined as in ©. 

Lemma 1.5. The maps L and R are respectively a homomorphism and an anti-ho- 
momorphism of monoids from (Hom(1c, T), *, ry) to (Hom(T, T), o, idr)- Moreover 
LaRb = RbLa for all a,b e Hom(1c,T). 

Proof. For any object X of C, we have {Lri)x — I^xtIt(x) — idT(x) by Q and, 
given a,6 e Hom(1c,T), 

{La*b)x — lJ'XlJ-T{X)0'T^{X)bT{X) 

=^ lJ'xT{fJ.x)aT^(x)bT{X) by (P) 

= l^xaT(x)fJ-xbT(x) = {La)x{Lb)x- 

Therefore L is a homomorphism of monoids. Likewise one shows that R anti- ho- 
momorphism of monoids. Finally, given a,b <E Hom(1c,T) and an object X of C, 
we have: 

{LaRb)x = fixaT(x)lJ-xT{bx) 

= ^ixT{p.x)aT'2(x)T{hx) 

^ l^xl^T(x)T'^{bx)aT(x) by (P) 

= HxT{bx)nxaT{X) = {Rb)x{La)x, 

and so LaRb = RbLa- D 

Given a G Hom(1c, T), we get from Lemma [131 that La (resp. Ra) is invertible if 
and only if a is *-invertible and, if such the case, L~^ = La*-i (resp. i?~^ = Ra'-i). 
Denote AuT(r) the group of functorial automorphisms of T and Hom(1c, T)^ the 
group of *-invertible elements of the monoid (Hom(1c, T), *, 77). Define: 

Hom(1c,T)^ -^ AuT(r) 



' 1 a h^ ada^ LaRa'-^ ^ Ra'-^L^ 

The map ad is a group morphism (by Lemina ll.5|l and is called the adjoint action 
of T. Its kernel is made of the *-invertible central elements of T. 
Notice that adafo = a*b* a*^^ for all b G Hom(1c, T). 

1.5. Morphisms of monads. A morphism of monads between two monads (T, /i, 77) 
and (T', fJ,' ,ri') on a category C is a functorial morphism /: T —>^ T' such that: 

(8) fxlJ-x = l^'xfT'{x)T{fx) and fxVx = v'x 

for any object A of C 

Lemma 1.6. Let T and T" be two monads on a category C. Let f : T ^ T' be a 
functorial morphism. The following conditions are equivalent: 

(i) f : T ^ T' is a morphism of monads; 

(ii) For all T' -module {M, r), the pair (M, rfu) is a T-module. 
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Moreover, if f is a morphism of monads, then the assignment {M,r) t-^ {M,rfM) 
defines a functor /* ; T'-C -^ T-C which satisfies Uxf* = Ut' ■ Lastly, for any 
functor F: T'-C -^ T-C such that UtF — Ut' , there exists a unique morphism of 
monads f : T —> T' such that F = f* . 

Proof. Let (A/, r) be a T'-module. The pair (M, t/m) is a T- module if and only if 
rfMt^M = rfMT{rfM) = rV {r)fT'{M)T{fM) and rfMVM = idA/- Using (jSJ, this 
is equivalent to rfMi^M = rfJ,'MfT'(M)TifM) and rfMVM = rrjM- By LemmaOl 
this holds for all T'-module {M,r) if and only if / is a morphism of monads. 
Clearly, if / is a morphism of monads, then /* is a well-defined functor. Let 
F: T'-C ^ T-C he a functor such that UtF = Ut' ■ For any object X of C, let 
vx- T{T'(X)) -^ T'{X) be such that F{T'{X), ^i'^) = {T'{X),yx)- Since F is 
a functor, v. TT' -^ T' \s a. functorial morphism. Firstly, if F = /* for some 
morphism of monads f:T^ T", then / is unique since vx — l^'xfT'iX) and so 
fx = iJi'xT'{ri'x)fx = t^'xfT'(X)T{.ix) = ^xT{i^) for aU object X of C. Conversely 
define / = vT{r^'): T -^ T' . Let {M,r) be a T'-module and s: T{M) -^ M such 
that F{M,r) — {M,s). Let us show s — rfM- This will prove simultaneously 
that / is a morphism of monads and F — f* . Since r: {T' (M) , fi'j^f) -^ {M,r) is 
a morphism of T'-modules, we have sT{r) — rvM (by functoriality of F). Hence 
rfM = rvMT{-q'j^,j) = sT{ri]'j^,j) = s. D 

2. BiMONADS 

In this section, we review the definition and properties of a bimonad. This notion 
was first introduced by Moerdijk |Moe02| . 

2.1. (Co-)monoidal functors. Let (C, (8), 1) and (l?, (g),l) be two monoidal cat- 
egories. A monoidal functor from C to P is a triple {F,F2,Fo) where F: C ^> T> 
is a functor, T2 : F ® F ~* F® is a morphism of functors, and Fq: 1 — > F(l) is a 
morphism in T> such that: 

(9) F2{X, Y ® Z)(idF(x) ® F2{Y, Z)) = F2{X ® Y, Z){F2{X, Y) ® idpt^z)); 

(10) F2{X, t){idF(x) <» Fo) = idf (X) = F2(l, X){Fo ® id^ (;,)); 

for all objects X, Y, Z of C. 

A comonoidal functor from C to I? is a triple (F, F2, Fq) where _F: C ^ P is 
a functor, F2 : F(E) ^ F ^ F is a. morphism of functors, and Fq: F{1) ^ 1 is a 
morphism in V such that: 

(11) (idf (X) ® F2{Y, Z))F2{X, Y(^Z)^ {F2{X, Y) ® idp^z))F2{X ® Y, Z); 

(12) {idp^x) ® Fo)F2{X,l) = idpf^x) = (Fo '»idF(x))F2{l,X); 

for all objects X, Y, Z of C. Comonoidal functors are sometimes called opmonoidal 
in the literature. 

A (co-)monoidal functor {F,F2,Fo) is said to be strong (resp. strict) if F2 and 
To are isomorphisms (resp. identities). For example, the identity functor Ig of a 
monoidal category C is a strict (co-)monoidal functor. 

Given a functor T : C ^ P, a functorial isomorphism F2 : T® — > T T, and an 
isomorphism Tq : 1 ^ F{t), the triple (T, T2, Tq) is a monoidal functor if and only 
if (T, F^^jFq^) is a comonoidal functor. 

Lemma 2.1. Let F and G be two composahle functors between monoidal categories. 
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(a) // F and G are monoidal functors, then GF is a monoidal functor with 
{GF)2 - G{F2)G2 and{GF)o = G(i^o)Go. 

(b) // F and G are comonoidal functors, then GF is a comonoidal functor with 
(GF)2 = G2G(^2) and {GF)o = GoG{Fo). 

2.2. (Co-)monoidal morphisms of functors. A functorial morphism (p : F ^G 
between two monoidal functors F: C —fV and G: C ^ V is monoidal if it satisfies: 

(13) ipx^YF2{X,Y)=G2{X,Y){^x^^Y) and Go = iptFo 

for all objects X, Y of C. 

Likewise, a functorial morphism ip: F —^ G between two comonoidal functors 
F : C —I- V and G; C ^ P is comonoidal if it satisfies: 

(14) G2{X,Y)ipx^Y = {^x^VY)F2{X,Y) and Go^t = F^ 
for all objects X, Y of C. 

2.3. Bimonads. A bimonad on a monoidal category C is a monad {T,fi,ri) on 
C such that the functor T: C — > C is comonoidal and the functorial morphisms 
fi: T^ -^ T and ly. Ic ^ T are comonoidal. Here \c is the (strict) comonoidal 
identity functor of C and T^ is the comonoidal functor obtained by composition of 
the comonoidal functor T with itself as in Lemma |2.ir b'l. Explicitly, ^ and 77 are 
comonoidal if they satisfy, for any objects X, Y of C, 

(15) T2{X,Y)^ix»Y = {yix ® ^iY)T2{T{X).T{Y))T{T2{X,Y))■ 
{l&) Tofii = ToT{To): 

(17) T2iX,Y)rjx^Y^ivx®wy, 

(18) Toryi = id^. 

Our notion of bimonad coincides exactly with the notion of 'Hopf monad' in- 
troduced in jMoe02| . However, by analogy with the notions of bialgebra and Hopf 
algebra, we prefer to reserve the term 'Hopf monad' for bimonads with antipodes 
(see Section rO| . This choice may be justified by the following example: 

Example 2.2. Let C be a braided category, with braiding tx,y : X ^Y ^ Y (g) X, 
and A be an algebra in C. Let T = v4(g)? be its associated monad on C, see 
Example 1 1.1 1 Let A: A ^ A^ A and e: A ^ 1 be morphisms in C. Set 

T2{X, Y) =. {idA ® TA,x ® idi')(A ® idjfgy) : T{X ®Y) ^ T{X) ® T{Y); 

To^e:T{l)^l. 

Then {T,T2,Tq) is a bimonad on C if and only if (A,A,e) is a bialgebra in C. 
Similarly, given a bialgebra A in C, the endofunctor 7 (x) A is a, bimonad on C with 

{7(^A)2{X,Y)^{idx(E)TY,A®idA){idx(sY®A) and (? ® A)o = e. 

In particular, any bialgebra H over a field k defines bimonads H(^k7 and ? ®k ^ 
on the category Vect(k) of k-vector spaces. 

We can reformulate the main result of |Moe02| as follows (see also |McC02| ): 

Theorem 2.3 (Moerdijk, 2002). Let T be a monad on a monoidal category C. If 
T is a bimonad, then the category T-C of T -modules is monoidal by setting: 

{M,r)^T-ciN,s) = {M(E)N,{r(3s)T2iM,N)) and 1t-c = (1,7o). 
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Moreover this gives a bijective correspondence between: 

• bimonad structures for the monad T ; 

• monoidal structures ofT-C such that the forgetful functor Ut'- T-C ~* C is 
strict monoidal. 

Example 2.4. Szlachanyi has shown that (left) bialgebroid, as defined in "Szl05], 
may be interpreted in terms of bimonads. More precisely, let k is a commutative 
ring and B a k-algebra. Denote ^Mods the category of B-bimodules, which is 
monoidal with tensor product (8)b and unit object bBb- Then following data are 
equivalent: 

• bimonads on sMods which commute with inductive limits; 

• (left) bialgebroids with base B. 

If A is a (left) bialgebroid, then the corresponding bimonad is T = A®b'^ and the 
monoidal categories T-eMod^ and ^Mod are equivalent. Note that in general the 
monoidal category ^Mods is not braided. 

Remark 2.5. Let T be a bimonad on a monoidal category C — (C, ®, 1). Then T 
can be viewed as a bimonad T°p on the monoidal category C®°p — (C, (X>°p, 1), with 
comonoidal structure T^^ = T2crc,c and Tq^ = Tq. The bimonad T°p is called the 
opposite of the bimonad T. We have T°P-C®°p = (r-C)®°P. 

Remark 2.6. Notice that the notion of bimonad is not 'self-dual': one may define a 
bi-comonad on a monoidal category C to be a bimonad of the opposite category C°p. 

2.4. Morphisms of bimonads. A morphism of bimonads between two bimonads 
T and T' on a monoidal category C is a morphism of monads / : T — > T' (see 
Section [T3|) which is comonoidal. 

Lemma 2.7. Let T and T' be two bimonads on a monoidal category C. Let f : T —> 
T' be a morphism of monads. Then f is a morphism of bimonads if and only if 
the functor /* : T'-C — > T-C induced by f (see Lemma \l.6]) is monoidal strict. 
Moreover, for any strict monoidal functor F: T'-C —^ T-C such that UtF = Ut' , 
there exists a unique morphism of bimonads f : T -^ T' such that F = f* . 

Proof. In view of Lemma ll.61 we have to show that the functor F ~ f* is monoidal 
strict if and only if / is comonoidal. We have F(1,Tq) = (1,Tq/i) and 

FiiM, r) «. (TV, s)) = (M ® iV, (r s)T^{M, 7V)/m»a^), 
F{M, r) «. F{N, s) = (M iV, (r «. s)(/m ® fN)T2{M, N)), 

for any T'-bimodules (M, r) and {N, s). We conclude by Lemma [1.31 D 

3. HOPF MONADS 

Let T be a bimonad on a monoidal category C. By Theorem 12.31 the category 
T- C of T- modules is monoidal and the forgetful functor Ut : T-C -^ C is strict 
monoidal. Assuming C is autonomous (i.e., has duals), when is it true that T-C is 
autonomous as well? The answer lies in the notions of antipode and Hopf monad, 
which we introduce in this section. We first recall some properties of autonomous 
categories. 
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3.1. Autonomous categories. Recall that a duality in a monoidal category C is a 
quadruple (X, Y, e, d), where X, Y are objects oi C, e: X (E)Y ^ 1 (the evaluation) 
and d: 1 ^ Y ()^ X (the coevaluation) are niorphisms in C, such that: 

(19) (e(g)idx)(idx (Xid) = idx and (idy (g) e)(d (g) idy) = idy. 

Then (X, e, d) is a Ze/i dual of 1", and (y, e, d) is a ri(7/it dual of X. 

If 13 = (X, F, e,d) and D' — {X' ,Y' ,e' ,d') are two dualities, two morphisms 
f : X ^ X' and g: Y' ^ Y are in duality with respect to D and D' if 

e'(/ ® idy/) = e(idx ® g) (or, cquivalcntly, (idy g) f)d — [g (^ idx)d'). 

In that case we write / = ^go.D' and g = f^ p,, or simply / ~ '^g and g = /^ 
if the context justifies a more relaxed notation. Note that this defines a bijcction 
between Homc(X,X') and UomdY' ,Y). 

Left and right duals, if they exist, are essentially unique: if {Y, e, d) and (Y' , e', d') 
are right duals of some object X, then there exists a unique isomorphism u: Y ^ Y' 
such that e' = e(idx ® m~^) and d' = (u (g idx)^. 

A left autonomous (resp. right autonomous, resp. autonomous) category is a 
monoidal category for which every object admits a left dual (resp. a right dual, 
resp. both a left and a right dual). Note that autonomous categories are also called 
rigid categories in the literature. 

Assume C is a left autonomous category and, for each object X, pick a left 
dual (^A, evxjCoevx). This data defines a strong monoidal functor ^?: C°p -^ C, 
where C°p is the opposite category to C with opposite monoidal structure. This 
monoidal functor is called the left dual functor. Notice that the actual choice of left 
duals is innocuous in the sense that different choices of left duals define canonically 
isomorphic left dual functors. 

Likewise, if C is a right autonomous category, picking a right dual (A^, evx, coevx) 
for each object A defines a strong monoidal functor ?^ : C°p -^ C, called the right 
dual functor. 

Remark 3.1. Subsequently, when dealing with left or right autonomous categories, 
we shall always assume tacitly that left duals or right duals have been chosen. In 
formulae, we will often abstain (by abuse) from writing down the following canonical 
isomorphisms: 



^72{X,Y): V®^A- 


^ \X ® Y), 


%:1- 


-^^1 


?^(A,r): Y"" (SX'' - 


^iX®Y)\ 


?o":l- 


^1^ 



Remark 3.2. If C is autonomous, then the functors ?^°^ and ^? are canonically 
quasi-inverse. More precisely, for any object A of C, we have the following canonical 
functorial isomorphisms: 

(evx g) idv(^v))(idx ® coev^v) : A -^ (A^), 

(id(vj^)v (g) evx){coevvx g) idx) : A —> (^A) . 

Again, we will often abstain from writing down these isomorphisms. 

Let C, V he autonomous categories (with chosen left and right duals). For any 
functor F: C ^ V, we define two functors F : C ^ V and F- : C —^ T> hy setting: 

'f(A) = ^i^(A^), !f(/) = ^F(r), f\X)^FCX)\ F\f)^FCfY 
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for all object X and all morphism / in C. For any functorial niorpliisni a: F ^ G 
between functors from C to T), we define two functorial morphisms a: G ^ F and 
a- : G^- ^> F' by setting: 

ttx = Vxv): 'G(X)^'F(X) and a'x = {a^'xf : G'{X) ^ F-{X) 

for all object X of C. These assignments lead to functors 

■?: Fun(C,D)°P->Fun(C,D) and ?' : Fun(C, D)°p -> Fun(C, P). 

Remark 3.3. The functors ? and ?■ enjoy the following properties: given two 
composable functors F: C ^ V and G: V ^ £ between autonomous categories, 
we have 'ic = Ic = Ic, '(FG) — FG and (FG)' = F'G' (up to the canonical 
isomorphisms of E,emark lH.2|l . Moreover, the functors ? and (?)°p are quasi-inverse 
to each other. 

3.2. Strong monoidal functors and duality. Let F: C -^ "D he a strong monoidal 
functor between monoidal categories. li D = (X, Y,e,d) is a duality in C, then 

FiD) = {F{X),F{Y),F^-'Fie)F2iX,Y),F2iY,X)-'Fih)Fo) 

is a duality in V. In particular, if C and P are left (resp. right) autonomous, we 
have a canonical isomorphism: 

Fl{X): FCX) -^ ""Fix) (resp. F[{X): F(X^) -^ FiX)""). 

Lemma 3.4. Let F,G: C -^ V be strong monoidal functors and a: F —t G be a 
monoidal morphism. If C is left or right autonomous, then a is an isomorphism. 
More precisely, if C is left (resp. right) autonomous then, for any object X of C, 

a~i = (a^x)G(D),F(D) ('^esp. a^^ = ^(axv)F(D),G(D)) 

where D is the duality (^X,X,evx,coevx) (resp. {X, X"^ ,evx,coevx))- In partic- 
ular, if C is autonomous, then (x~^ — a' — 'a (up to the canonical isomorphisms of 
Remark \8.'0i) . where '? and ?■ are the functors of Remark \3.'d\ 

Proof. Let D = (X, Y, e, d) be a duality in C. Denote ^ay : G{X) -^ F{X) the left 
dual ofay : F{Y) -^ G{Y) with respect to the dualities F{D) = iF{X), F(Y), ep, dp) 
and G{D) = (G(X), G(y), ec, dc)- We have 

eaiax » ay) = G(,^Gie)G2{X, Y)iax ® ay) - G(,^Gie)ax(sYF2iX, Y) 
= G(,'aiFie)F2{X,Y) = F^^F{e)F2{X,Y) = cp 

and similarly {ay ® ax)dF — da. Now 

'^ayax = (eaiax ® ay) (g) idF(x))(idF(x) ® dp) 
= (cF ® idF(x))(idF(x) ® dp) = idF(x) 
and 

ax'^ay = (ec ® idG(x))(idG(x) ® (ay (g) ax)dp) 
= (ec ® idG(x))(idG(X) ® da) = iAg(x)- 
Hence "^ay is inverse to ax- D 
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3.3. Antipodes. Let {T,fi,ii) be a bimonad on a monoidal category C. 

If C is left autonomous, then a left antipode for T is a functorial morphism 
s': T^IT -^ ""l, that is, a functorial family s' = {s'^: T(^T{X)) -^ ''X}xeOHC) of 
morphisms in C, satisfying: 

(20) ToT(evjf)T(V'»idx) = evT(x)(s^x)T^( V) ® idT(x))T2C'T(X),X); 

(21) (77X ® idv;f )coevxTo = {pLx ® s'x)T2{T(X)/T{X))T{coevT(x)); 

for all object X oi C. 

If C is right autonomous, then a right antipode for T is a functorial morphism 
^r. y?vy ^ 7v^ ^j^j^^ -g^ ^ functorial family s'' = {s^^ : T{T{X)'') -^ X'^jxeOMC) 
of morphisms in C satisfying: 

(22) ToT{^Yx)T{idx (E>vx) ^ e^nxMnx) (^ slr(^x)Tit^x))T2{X,T{X)''); 

(23) (idxv ® 77x)c^vxTo = (s^ «. mx)T2(T(X)'',T(X))T(c^vt(x)); 
for all object X of C. 

Remark 3.5. This apparently complicated definition is justified by Theorem 13.81 
The notion of left and right antipodes generalize the classical notion of an antipode 
and its inverse for a bialgebra. For details, see Example 13 . 101 below . 

Remark 3.6. Let T be a bimonad on a left autonomous category C, endowed with 
a left antipode sK Then s' is a right antipode for the bimonad T°p on the right 
autonomous category C®°p (as defined in Remark 12.51) . Likewise, if T is a bimonad 
on a right autonomous category C endowed with a right antipode s'', then s*" is a 
left antipode for T°p. 

The next theorem translates the fact that the antipode of a (classical) Hopf 
algebra is an anti-homomorphism of bialgebras. 

Theorem 3.7. Let T be a bimonad on a monoidal category C. If s^ is a left antipode 
of T (assuming C is left autonomous), then we have: 

(24) s'x^i^T(x) = 4r(4(x))7^'(W); 

(25) s'xV'Tix) = '^Vx; 

(26) s'x^yTCUX, Y)) = (4 ® 4)^2(^^(1^), ^T(X)); 

(27) s[tCTo) = To. 

Likewise, if s^ is a right antipode of T (assuming C is right autonomous), then we 
have: 



(28) 


sxl^nxy = SxT{sT(x))T^{fix'' 


(29) 


sxVTixr = ^x""; 


(30) 


s^x<^yT{T2{X,yY) ^ {s^y ® s^x)' 


(31) 


sinn") = To. 



)T2{T{Y)\T{Xy)- 



Proof. The 'right part' can be deduced from the 'left part' by Remark l3.6l We prove 
here the 'multiplicative' assertions 1)24(1 and H25|l . The 'comultiplicative' assertions 
ES|l . (|77|) (and 1(20)), (|S2)), which are stated here for convenience, will be proved in 
Section IT^ Note that we will not use these assertions until then! 





Mjc — 


tJ.xT{^ix) 


Firstly, 


we have: 




(32) 




it^ 


Indeed 
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Assume C is left autonomous and T has a left antipode sK Let us show ()24|l. 
Fix an object X of C. Setting Cx — s''xiJ^''T(X) £^nd TZx = s^T(sff,/^N)T^(^^x), we 
must prove Cx = Tlx- Recall (see Lemma r2.1f b')') that T^ is a comonoidal functor. 
Define ^i^^ : r^(X) ^ T{X) and Z?^ : T^{1) -^ T'^iX) ® T^Ct{X)) by 

and Dx - T|(T(X), ''T{X))T^coeYT(x))- 

®Cx)Dx = {pi'^''^ ®'Rx)Dx. 
d 

(m^^®/:x)z?x 

= (/ixMT(x) ® 4mvt(x)) r|(r(X)/T(X)) T2(coev7.(x)) by Q 

= (MX ® s'x)T2{T{X), V(X)) Mt(x)»v3.(^) T2(coevT(x)) by m 

= (MX ® 4) r2(r(X)/T(X)) r(coevT(x)) Ml 

= (»7x (8) idvx)coevxToMi by ^ 

= ivx ® idvx)coevxToT{To) by m 

= (MX ® 4) T^2(T(X)/T(X)) r(coevT(x)To) by (EU 

= (MX ® 4) T^2(T(X), ^T(X)) r((Mx^T(x) <» idvj,(^))coevT(x)To) by © 

= (Mx®4)r2(T(X)/T(X)) 

r((MxMT(x) ® St(x)) T2{T\X), V(X)) T(coevT2(x))) by JHl) 
= (Mx®4)r2(T(X)/T(X)) 

r((Mxr(Mx) ® 4(^)) T2(T2(X), V(X)) r(coevT2(x))) by © 
= (mxT(mx) ® 4r(4(x))r'(>x)) T2(T2(X), T(^T(X))) 

T(r2(r(X)/T(X))) T2(coevT(x)) 

= (M^^®7^Jf)i?x. 
Secondly, setting: 

^x = St(x)^(Vx), i^x' = vxT{vx), and £'x = ev7^(x)(i^x' ® Mx )' 
we have 

(33) {Ex (8iidT2(VT(x)))(idT2(VT(x)) -Dx)r|(^T(X), 1) = idT2(V7^(x)). 
Indeed, on one hand, we have: 
i\dT.i-T(x))®Dx)TiCT(X),t) 

= {idT2^^T(x))<»Ti{T{X)/T{X))) 

TiCT{X),T{X)®''T{X))T\id.T(x)®coeYT{x)) 
= (T|(^T(X),r(X))®idT3(x)) 

TiCT{X) ® T{X)/T{X)) T\id^T^x) ^ coev^cx)) by ^. 
On the other hand, from 120() and (01, we obtain: 

evTix)ii^x ® fix)T2CT{X) ® r(X)) ^ ToT(evT(x)) 
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and so, using this twice, 

= eYTix){i^x ® ^ix)T2CT{X),T{X))T{:^x ® Mx) T{T2Ct{X), T{X))) 
= ToT{eYT^)T{i^x (^ t^x)T{T2CT{X),T{X))) = T^THeYT(x))- 
Hence 

{Ex idT2(VT(jf)))(idT2(Vy(^)) Dx)TiCT{X), 1) 

= (ro2r^(evT(x)) ® idT2(VT(x))) 

r2(^T(X) ® r(X), ^r(X))T2(idvj,(;,) ® coevT(x)) 
= {Tg <E>idT2^^Tix)))Tiit,^T{X)) 

T^((evT(x) ® idvT(jf))(idv-r(^) « coevT(x))) 
= id7^2(Vy(^)^ by 1^21) and |[TO|l . 

that is H33|) . Finally, we conclude: 

/:x = {Ex ® /:x)(idT2(VT(jf)) ® Dx)TiCT{X), 1) by (EJ 

= (£;x 7^x)(idT2(VT(x)) '»^x)T|C'r(x),i) by Ea 

= 7^x by (ESJ). 

Let us prove (|25|l . For any object X of C, we have: 

(idT(x) ® ^Tlx)coeYT(x) = {vx ® idv^^ )coevxT'o7yi by lO 

= (a*x «> s'x)T2{T{X), ^T{X))T{coeyTiX))vi by (EB 

= {f^x «) s5y)T2(T(X), ^T(X))?7-r(^)^vj,(_y)CoevT(x) 

= {f^xVT(x) «> Sx?7^T(x))coevT(x) by U?!) 

= (idT(x) ® Sx'7^T(x))coevT(x) by ©. 

Hence Sx'7'^t(X) = ^'/x by fH^ . D 

The following theorem relates the existence of a left (resp. right) antipode for a 
bimonad to the existence of left (resp. right) duals for the category of modules over 
the bimonad. 

Theorem 3.8. Let T be a bimonad on a monoidal category C. 

(a) Assume C is left autonomous. Then T has a left antipode s' if and only 
if the category T-C of T-modules is left autonomous. Moreover, if a left 
antipode exists, then it is unique. In terms of a left antipode s , left duals 
in T-C are given by: 

'^{M,r) = {'^M,s\iT{\)), ev(^M,r) = svm, coev(M,r) = coevAf. 

(b) Assume C is right autonomous. Then T has a right antipode s^ if and only 
if the category T-C of T-modules is right autonomous. Moreover, if a right 
antipode exists, then it is unique. In terms of a right antipode s^ , right 
duals in T-C are given by: 

{M,rY = (M^, s\jT{r^)), ev(M,r) = evAf, coev(Af^r) = c'oevAf. 
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We prove Theorem 13.81 in the next section. 

In Section (see Theorem 19.111 , we show that any strong monoidal functor 
U: V ^ C between monoidal categories which admits a left adjoint F defines a 
bimonad T = UF on C. Furthermore, if C and V are left (resp. right) autonomous, 
then the bimonad T admits a left (resp. right) antipode. This generalizes the 'if 
assertions of Theorem 13. 81 

3.4. Proof of Theorem 13.81 We first establish the following lemma: 

Lemma 3.9. Let T be a bimonad on a left autonomous category C and {M,r) be 
a T -module. If {M, r) has a left dual, then it has a unique left dual of the form 
((^Af, r'), evM, coevjv/). We will call it the preferred left dual of{M,r). 

Proof. Assume (Af,r) has a left dual ((A^,p),e,d). The forgetful functor C/t : T-C ^ 
C being strict monoidal, there is a unique isomorphism u: N ^ ^M such that 
e — evM{u ^ idM) and d — {idM ^ u^^)coevM. Define r': T(^Af) -^ ^M by 
r' = upT{u~^). Then clearly ((^M, r'),evAf ,coevM) is a left dual of {M,r). Now 
if we have another left dual of this form, say ((^M, r"), evM, coevAf ), then we have 
an isomorphism v. (^AI,r') -^ (^M,r") such that evAf = evAf (w (g)idAf), and hence 
V = idvA/ and r" = r' . D 

Let us now prove Theorem 13.81 Part (b) is just a re- writing of Part (a) applied 
to the bimonad T°p (see Remark l3.6|l . Let us show Part (a). Let T be a bimonad 
on a left autonomous category C. Recall that each object X oi C has a left dual 
(^X, evx , coevx). By Lemma ll .21 f contravariant case) we have a canonical bijection 

?" : Hom(T''?T°p, '^l) -^ HOM(r''?C/°P, ''?C/°P), / ^^ /«. 

Denote its inverse by ?^ Recall that they are given by fh^j.-. — fhiTi^r) for any 

T-module {M,r) and g^ = ^rixg(T{x),iix) ^^^ ^^Y object X of C. 

Assume T-C is left autonomous. For any T-module {M,r), let S(^M,r) '■ T(^M) -^ 
^M be defined by the condition that ((^M, ^(Af.r))i evM, cobvm) is the preferred left 
dual of (Af, r). By Lemma 1^51 this determines 6 uniquely. Note that if /: M ^ N 
is a T- linear morphism between two T- modules (Af, r) and {N, s), then /: '^N -^ 
^Af is T-linear too. Hence S satisfies the following functoriality property: ^/(^(at^^) — 
SiM.r)TCf). Synthetically, S € Hom(T''?C/°p, ^?C/°P). In particular S leads to a 
morphism of functors s' = S^ e 11om{T'^7T°p , ^?) defined, for any object X of C, 
by ■Sx — '^VxS(T{x),ij.x)- Conversely, S can be recovered from s'' by S — (s')'*, that 
is, (5(A/f,r) — s^dTQ^r) for any T-module (Af, r). 

Now let 5 e Hom(T'^?[/°p, '^?C/°P) and set s' = 5^ £ Hom(T'^?T°p, ""?). We have 
the following equivalences: 

(i) The pair (^M^5(M,r)) is a T-module for all T-module (Af, r) if and only if 
s' satisfies ^I^ and ((^ : 

and, assuming the equivalent assertions of (i), 

(ii) The evaluation bvm is T-linear for all T-module (Af , r) if and only if s' 

satisfies (pHl : 
(iii) The coevaluation coevAf is T-linear for all T-module (Af , r) if and only if 

s' satisfies ^T\\ . 
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Before verifying these equivalences, let us show that they sufhce to prove the 
theorem. If s' is a left antipode then, using only the 'multiplicative' part of The- 
orem |^3 which we have already proved, and setting (S = s' , we see by (i)-(iii) 
that ((^M, i5(M,r)),evM,coevM) is a left dual of {M,r) in T-C, and so T-C is left 
autonomous. Conversely, if T-C is left autonomous, then there exists S such that 
((^M, (5(M,r)))evM,coevM) is a duality in T-C and so, by (ii)-(iii), s' — S^ satis- 
fies the axioms of a left antipode. By Lemma 13.91 such a J is unique. Hence the 
uniqueness of a left antipode, since the correspondence (5 ^-> s' is bijective. 

Now let us show (i). Recall that (^M, S(^M,r)) is a T-module if and only if both 
identities 5(M,r)iJ'"^M = S{M,r)T{S(M,r)) and 5(^M.r)'n'^M = id^'M hold. Replacing 
5(M,r) by s^j^jT{^r) in the first identity, we get: 

si,TCr)^,.M = s'MTCr)Tisi,)T^i\). 

The left-hand side may be rewritten as s'^^/ivgi/j^jjT^(V). The right-hand side may 
be rewritten as s\,jT{s^^^f^j^)T^CT{ryr) = s\.iT{slj.^j^,j.^)T^C'fiM''r). Therefore we 
finally get: 

which is equivalent to (|24|l by Lemma lT"^ Likewise, the second identity is equivalent 
to H25|) by a straightforward application of Lemma ^21 

Let us show (ii). Recall that cvm is T-linear if an only if we have ToT{evM) = 
eyM{S(M,r) ®r)T2CM,M). Replacing 5(M,r) by s^jT^^r), we get: 

(34) ror(evM) = evMisiiTCr) ® r)T2(^M, M). 

Now, we have: 

evM(^T(V)®r)T2(^Af,M) 

= evTAiCrsijTCr) ® idT(M))T2C'Af, M) 

= eYTM{s'T(M)TCT{r))T{\) ® idT(M))r2(^M, M) 

= eyTM{slriM)TCf^M)TCr) ® idT(M))r2(''M, M) by ® 

= evTA/(4(M)rOM)) ® idT(M))T2CT{M),M)TCr ® idM). 

On the other hand, ToT{evM) = TqT {cv MWC'qM'^ id M)TC^ri» idM) by Q. There- 
fore, by Lemma Fl. 21 and duality, H34I) is equivalent to Axiom H2U|I . 

Finally, let us show (iii). Recall that coevM is T-linear if and only if we have 
coevMTo — {r (^ S(^M.r))T2{M, ^Af )T(coevM)- By a computation similar to that of 
the proof of (ii), this is equivalent to: 

(r (g) idvjv,/)(77M (gi idvjv^)coevMTo 

= (r ® idvM)(MM ® SM)T2{T{M)/T{M))T{coevT(M)), 

and so, by Lemma [1.21 and duality, to Axiom H21|l . This completes the proof of 
Theorem [ 



3.5. End of the proof of Theorem 13.71 We still have to prove assertions H2()|) 
and H27|l of Theorem l3.7l ffrom which H3U|I and (|31|l can be deduced via Remark l3.6|l . 
To show (Uni), let (M, r) and {N,s) be two T-modules. Recall that 

\N, s) ® \M, r) = ("N ^M, {s'j,TCs) ® 4,r(\))T2(X "^M)) 
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and 

"'{{M, r) ® (TV, s)) = {\M ® N), s'm^j^tCT2{M, N)\ ® s))) 

are canonically isomorphic via the isomorphism ^?2 (M, N) : ^7V ^-M -^ {M A^) . 
By Lemma T-t. 91 we get (up to suitable identifications): 

(4 ® A,)T,CnN), ^T(M))rO .)) = si,^^TCUM, N))TCir ® .)). 

Hence (|26|) by applying Lemma [1.21 

Finally, via the isomorphism ^?o : 1 -^ ^1, the T-modules (l,To) and {t,To) = 
C1,s[tCTo)) are isomorphic. Hence s^TCTo) = Tq, that is, ^ . 

3.6. Hopf monads. A left (resp. right) Hopf monad is a bimonad on a left (resp. 
right) autonomous category which has a left (resp. right) antipodc. 

A Hopf monad is a bimonad on an autonomous category which has a left antipode 
and a right antipode. In particular, by Theorem 13. 81 the category of modules over 
a Hopf monad is autonomous. 

Example 3.10. Let C be a braided autonomous category with braiding by t. Let 
A be a bialgebra in C, with product to, unit u, coproduct A, and counit e. Consider 
the bimonad A^7 (see Example 12. 2|l . Firstly, let S: A —^ A he in morphism in C 
and define: 

sx = (evA Tv^,A «> idvjf )(S' (g) Tv^^v^) : A^'^X'^'^A^ "^X. 

Then s' is a left antipode for the bimonad A®1 if and only if S is an antipode of 
the bialgebra A, that is, if and only if S satisfies: 

■m{S ® id^)A = ue = miidA ® S)A. 

Secondly, let S' : A ^ A be another morphism in C and define: 

s5^ = (evA®idxv)(5"«)r^J_xv): A ® X"" (g) A'^ ^ X"" . 

Then s^ is a right antipode for the bimonad A®? if and only if S' is an 'inverse of 
the antipode', that is, setting to°p — niT^\, if and only if S' satisfies: 

TO°P(S" idA)A ^ue = m°P{idA <E) S')A. 

Thus Acg)? is a Hopf monad if and only if A is a Hopf algebra in C with invertible 
antipode. Similarly, a right antipode for the bimonad 7 (g A corresponds with an 
antipode for the bialgebra A, and a left antipode for 7 ® A corresponds with an 
'inverse of the antipode' for A. In particular, any finite- dimensional Hopf algebra 
H over a field k yields Hopf monads H®t7 and 7 (g^ H on the category vect(k) of 
finite-dimensional k-vcctor spaces. 

Proposition 3.11. Let T be a Hopf monad on an autonomous category C. Then 
its left antipode s' and its right antipode s^ are 'inverse' to each other in the sense: 

idT(x) = Svj,(^)T((s^) ) = sij.f^^yTds'x)) 

for any object X of C (up to the canonical isomorphisms of E.emark \S.'2\) . 

Proof Let (Af,r) be a T-module. We have '^{M,r) = ('M,s\jTQ'r)) and so 
C{M,r))^ = {{""mY ,slj^,jT{T{^rY)T{{s^j^)^)). Via the canonical isomorphism 
of Remark rO we have r = slj,,jT{T{yrY)T{{s\^)') = rsl,^^j^j^T{{s^j^)^). So, by 

Lemma n~^ we have idx(x) = ^^t(x)^^^^^x) )• The second identity is obtained by 
replacing T with T°^. D 
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Remark 3.12. Let T be a Hopf monad on an autonomous category C. Let T- the 
endofunctor of C defined as in Remark 13.31 Then Proposition I3.f fl says that T- is 
right-adjoint to T, with adjunction morphisms e: TT' — > fc and h: Ic —> TT given 
by ex = fx ■ T{T\X)) -. (^X)^ ~ X and hx - [s'xf : X 2. (^X)^ ^ T'-{T{X)). 
Likewise T is a right-adjoint to T. An interesting consequence is that a Hopf monad 
always commutes with direct hmits. 

3.7. Morphisms of Hopf monads. A morphism of Hopf monads on an au- 
tonomous category is a morphism of their underlying bimonads (see Section 12.411 . 

Lemma 3.13. A morphism f : T —f T' of Hopf m,onads preserves the antipodes. 
More precisely, if T has a left antipode s' and T' has a left antipode s'' , then 
SxT{ fx) = s'j^f-^j.t/x) for any object X of C, and similarly for right antipodes. 

Proof. Let /* : T'-C -^ T-C he the strict monoidal functor induced by /. Recall it 
is given by f*{M, r) — (M, t/m)- Let (M, r) be a T'-module. Since /* is monoidal 
strict, f*{{M,r)) = CM,s%T'{\)f^M) is a left dual of {M,r) and so canoni- 
cally isomorphic to ''/*(M,r) = CM,siiTCfM''r)). Therefore siiTCfM)TCr) - 
SMf''T'{M)TC^r). Hence, by Lemma O we get s^x^C^fx) = Sx/^T'(x) ^r any 
objects of C. D 

3.8. Convolution product and antipodes. Let T be a Hopf monad on an au- 
tonomous category C. Let ?" : Hom(1c,T) -^ Hom(C/t, Ut) be the isomorphism of 
Lemma O with inverse t, and let '?, ?' : End(C)°P -^ End(C) be the functors of 
Remark 13.31 Define two maps: 

HOM(lc,r) -^ HOM(lc,r) 
/ - S{f)^({f^)f 



Hom(1c,T) -^ Hom(1c,T) 



(35) S 
and 

(36) S- 
Explicitly, using Theorem l3.8l and Lemma ll.2l we have: 

S{f)x = (sx/^T(x)) and S^^{f)x = "^{sxlrixy) 

for all object X of C (up to the canonical isomorphisms of Remark |3.2|l . where s' 
and s^ are the left and right antipodes of T respectively. 

Lemma 3.14. Let T be a Hopf monad on an autonomous category C. Then the 
map S is an anti- automorphism of the monoid (Hom(1c, T), *, 77), and S~^ is its 
inverse. 

Proof. Since the convolution product * corresponds to composition of endomor- 
phisms of Ut, and since the functors ?, ?■ : End(C) -^ End(C)°P are strong monoidal, 
the maps S and S~^ are anti-endomorphisms of HOM(lc,r). Since the functors 
■? and (?)°P are inverse to each other (up to the canonical isomorphisms of Re- 
mark IX^ . the maps S and S~^ are inverse to each other. D 

Example 3.15. For the Hopf monad Aig)? (see Example 13.1011 . where A is a Hopf 
algebra in an autonomous braided category, the maps S and S~^ are given by 
S{f) = {Sa «> lc)f and S-^{f) = {S^^ (g, Ic)/, where Sa is the antipode of A. 
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3.9. Grouplike elements. A grouplike element of a bimonad T on a monoidal 
category C is a functorial morphism g: Ic —^ T satisfying: 

(37) T2{X,Y)gx<>iY^gx®9Y; 

(38) Togt = idi. 

We will denote by G{T) the set of grouplike elements of T. Using (fT^ - fll^ . we see 
that {G{T), *, rf) is a monoid, where * is the convolution product 0. 

Lemma 3.16. Let T he a bimonad on a monoidal category C. Via the canonical 
bijection HOM(lc,r) ~ Hom([/t, C^t) of Lemma M.'A grouplike elements of T cor- 
respond exactly with monoidal endomorphisms of the strict monoidal functor Ut ■ 

Proof. Let g G HOM(lc,r). Then g^ £ Rom{Ut,Ut) is monoidal if and only if, 
for aU (M, r) and {N, s) in T-C, we have (r ® s)T2{X, Y) gx®Y = {r ® s){gx ® gv) 
and To gt = idi, which is equivalent to g G G{T) by Lemma [1.21 D 

Lemma 3.17. Let T he a Hopf monad on an autonomous category C. Then 
(G(T), *,rj) is a group. Moreover the inverse of g G G{T) is g*^^ — S{g) = S^^{g), 
with S and S^^ as in (|35ll and (|36f) . 

Proof. Let g G G{T). By Lemma lX^ g'^ G Hom(C/t, Ut) is a monoidal isomorphism 
with inverse (g') — (5')'. Hence, by Lemma 13.161 g is invertible with inverse 
Sig)^S-H9). □ 

4. Hopf modules 

In this section, we introduce Hopf modules and prove the fundamental theorem 
for Hopf modules over a Hopf monad. 

4.1. Comodules. Let C be a coalgebra in a monoidal category C, with coproduct 
A: C -^ C ® C and counit e: C ^ 1. Recall that a right C-comodule is a pair 
(A/, p), where M is an object of C and p: Ad ^r M®G is a morphism in C, satisfying: 

(39) (p(X)idc)p = (idM ® A)p and (idif (Ki £)p = idM- 

A morphism / : (M, p) — *■ {N, g) of right C-comodules is a morphism f : M -^ N 
in C such that gf = {f ® idc)p. Thus the category of right C-comodules. Likewise 
one defines the category of left C-comodules. 

Lemma 4.1. Let C be a coalgebra in a monoidal category C. If {M,p) is a 
left C-comodule and C is right autonomous, then {M,p) = (M^,p'') is a right 
C- comodule, where 

g'' = (idMv^c ® evM)(idMv ® p® idMv)(coevM ® idA/v). 

Moreover, this construction defines a contravariant functor form the category of left 
G -comodules to the category of right C-comodules. Similarly, if (M, p) is a right 
C-comodule andC is left autonomous, then {M, p) — (^M, g') is a left C-comodule, 
where 

g' = (evM ® idc®'^M)(idvM ® p® id^M)0-dvM ® cocvm) . 
This construction is functorial too. 

Proof. Left to the reader. D 
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Let T be a comonoidal endofunctor of a monoidal category C. By (|ll|l and (|12|1 . 
the object T(l) is a coalgebra in C, with coproduct T'2(l, 1) and counit Tq. By a 
Ze/^ (resp. right) T-comodule, we mean a left (resp. right) T(l)-comodule. 

Note that if T is a bimonad, then every object X becomes a left (resp. right) 
T-comodule with trivial coaction given by rji (g) idx (resp. idx ® rji). 

4.2. Hopf modules. Let T be a bimonad on a monoidal category C. The axioms of 
a bimonad ensure that (r(l), /ii) is a coalgebra in the category T-C of T-modules, 
with coproduct T2(l, 1) and counit Tq- A right Hopf T -module is a right (r(l), /ij^)- 
comodule in T-C, that is, a triple (Af, r, p) such that (M, r) is a T-module, (M, p) 
is a right T-comodule, and: 

(40) pr=(r®/ii)T2(M,T(l))T(p). 

A morphism of Hopf T-modules between two right Hopf T-modules (Af , r, p) and 
(A'', s, p) is a morphism of (T(l), /ii)-comodules in T-C, that is, a morphism f : M ^ 
A^ in C such that 

(41) fr^sTif) and (/ ® idT(i))p = g/. 

Remark 4.2. As is the classical case, any morphism of Hopf T-modules which is 
an isomorphism in C is an isomorphism of Hopf T-modules. 

Similarly, one can define the notion of left Hopf T-module, which is a right Hopf 
T-module for the bimonad T°p (see Remark l2.5ll . 

Lemma 4.3. Let T be a bimonad on a monoidal category C. If {M,p) is a right 
T-comodule, then the triple {T{M), pM, ff) is a right Hopf T-module, where g = 
(idT(M) (S)Pi)T2{M,T{t))T{p). In particular {T{X), px,T2{X,l)) is a right Hopf 
T-module for any object X of C. 

Proof. Let (A/, p) be a right T-comodule. Firstly, we have: 

(P «) idT(i))g = ((idT(Af) ® Mi)T2(Af, T(l))T(p) «. /ii)T2(Af, T(l))T(p) 

= ((idT(Af) ®Mim(Af,T(l))®pi)T2(M®T(l),T(l))T((p®idT(i))p) 
= (idT(M) » (Ml ® Mi)7^2(T(l),T(l)))T2(A/,T(l) ® T(l)) 

T((idM «> T2(l, t))p) by HH) and ^ 
= (idT(Af) ® {pt®l^i)Ti{t,l))T2{M,T{t))T{p) 
= {idT(^M) ® ^2(1, l)pt)T2iM, T{t))T{p) by 113 

= (idT(Af)®T2(l,l))e 



and 



(idT(Af) (® To)g - (idT(A/) ® To/it)T2(Af, T(l))T(p) 

= (idT(A/) «> ToT(To))T2(Af,T(l))T(p) by m 
= (idT(Af) «) To)T2{M, l)T((idM ® To)p) 
= idT(A/) by ||T21) and (p^ . 
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SO that (T(Af), g) is a right T-comodule. Secondly, 

g^iM = (idT(M) <E) fii)T2{M,T{l))T{p)fiM 

= (idT(M) (^ f^i)T2{M,T{t))fiM(^T{i)T^{p) 

= (A^Af «'MiMT(i))T2(T(Af),r2(l))T(T2(Af,l))r2(p) by ^ 

= (mm (5§Aiir(A*i))r2(r(Af),T2(l))T(T2(Af,l)T(p)) by O 
= (MAf <?§ fit)T2iTiM), Til))Tig). 

Hence {T{M), fiM, q) is a right Hopf T-module. Now, for any object X of C, the 
pair (X, idjif (g) 771) is a right T-comodule, so that {T{X), fix, o) is a right Hopf 
T-module, with 

g = (idT(x) ® A'i)r2(x, r(i))T(idx ® m) 

= (idT(X) ® Mir(77i))T2(X, 1) = T2(X, 1) 
by ^ , which completes the proof of Lemma 14.31 D 

Lemma 4.4. Let T be a right Hopf monad on a right autonomous category C. If 
M is a left Hopf module, then M^ is a right Hopf T-module, with the structure of 
T-module defined in Theorem \3.t^ b) and the structure of right T-comodule defined 
in Lemma \4-.1\ This defines a contravariant functor from the category of left Hopf 
T -modules to the category of right Hopf T -modules. 

Proof. This results from Lemma f4. II Indeed, recall that {T{l),fj,t) is a coalgebra 
in T-C, with coproduct 72(1, 1) and counit Tq. Let (Af, r, p) be a left Hopf T-mod- 
ule. This means that {{M,r),p) is a left (T(l),/ii)-comodule, so ((Af, r) ,p') 
is a right (T(l),/j,i)-comodulc, in the notations of Lemma l4.ll In other words, 
(Af, s5vfT(V), p') is a right Hopf T-module. This construction is functorial since 
morphisms of Hopf T-modules are nothing but morphisms of (T(l), /i]L)-comod- 
ules. D 

4.3. Coinvariants. Let D be a category and f,g: X ^ Y he parallel morphisms 
in T>. A morphism i: E —> X in'D equalizes the pair (/, g) ii f i = gi. An equalizer 
(also called difference kernel) of the pair (/, g) is a morphism i: E —>■ X which 
equalizes the pair (/, g) and which is universal for this property in the following 
sense: for any morphism j: F —^ X in C equalizing the pair {f,g), there exits a 
unique morphism p: F —t E \n C such that j = pi. We say that equalizers exist in 
T> if each pair of parallel morphisms in T> admits an equalizer. 

We say that a functor F : T> —> V preserves equalizers if, whenever i is an equal- 
izer of a pair (/, g) of parallel morphisms in D, then F{i) is an equalizer of the pair 
{F{f), F{g)). Notice that a left exact functor preserves equalizers. 

Let T be a bimonad on a monoidal category C. We say that a right T-comodule 
{M,p) admits coinvariants if the pair of parallel morphisms (p, idM ® Vi) admits 
an equalizer: 

N^-^M=^M (g) T(l). 

idA/®r;]i 

If such is the case, N is called the coinvariant part of M , and is denoted M'^°'^ . 
In fact AT^°^ is a right T-comodule (with trivial coaction) and i: (iV, idAr O ?7i) — > 
(Af , p) is a morphism of T-comodules. 
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Similarly, one defines the coinvariant part of a left T-comodule {M,p) which is, 
when it exists, an equalizer of the pair (p, idi (E) idAf )• 

If a right or left T-comodule (M, p) admits a coinvariant part i : M'^°'^ -^ M, 
we say that T preserves the coinvariant part of (Af , p) if T(i) is an equalizer of the 
pair {T{p),T{idM '^ Vi)) oi' {T{p),T{rii ® idfl,/)) respectively. Note this is the case 
when T preserves equalizers. 

We say that a right (resp. left) Hopf T-niodule (Af , r, p) admits coinvariants if 
the underlying right (resp. left) T-comodule (Af , p) admits coinvariants. If such the 
case, the coinvariant part of (Af, r, p) is the coinvariant part of (Af, p). 

4.4. Decomposition of Hopf modules. In this section we show that, under 
certain assumptions on equalizers, Hopf modules can be decomposed as in the 
classical case. 

Theorem 4.5. Let T be a right Hopf monad on a right autonomous category. 
Let (Af , r, p) he a right Hopf T -module such that (Af , p) admits a coinvariant part 
i : M'^°'^ — > Af which is preserved by T. Then 

rTiz): iM,r,p) ^ (r(Af-^), /i^coT, T2(Af™^, 1)) 

is an isomorphism of right Hopf T -modules. 

Proof. See Section lOl D 

Recall that a functor F: C —> V is said to be conservative if any morphism / 
in C such that F{f) is an isomorphism in 2?, is an isomorphism in C. 

Theorem 4.6. Let T be a right Hopf monad on a right autonomous category C. 
Suppose that right Hopf T -modules admit coinvariants which are preserved by T. 
Then the assignments 

X^{T{X),px,T2{X,l)), f^Tif) 

define a functor from C to the category of right Hopf T -modules, which is an equiv- 
alence of categories if and only if T is conservative. 

Proof See Section EH D 

Remark 4.7. For a left Hopf monad T over a left autonomous category, one may 
formulate a similar decomposition theorem for left Hopf T-modules, which may be 
deduced from Theorem l4.6l aDDlied to the Hopf monad r°P, in virtue of R,emark l3.6l 

Example 4.8. Let A be a Hopf algebra in a braided right autonomous category C. 
Consider the right Hopf monad T ~1 (Xi A on C, see Example 12.21 A right Hopf 
T-module is a nothing but a right Hopf module over A in the usual sense, that is, 
a triple (Af , r: M®A^M,p: M ^ M ® A) such that ( Af , r) is a right A- module, 
(Af, p) is a right A-comodule, and pr = {m® r)(id^ ® ta,a ® idM)(p ® A), where 
T is the braiding of C, m is the product of j4, and A is coproduct of A. Assume 
now that C splits idempotents (see jBKLTOO) ). Then Af admits a coinvariant part, 
which is the object splitting the idempotent r{SA €) idM)p, where Sa denotes the 
antipode of A. Moreover, T preserves coinvariants (because ® is exact) and T is 
conservative (because A is a bialgebra) . Therefore Theorems 14.51 and 14.61 apply in 
this setting: we obtain the fundamental theorem of Hopf modules for categorical 
Hopf algebras. In the case where Sa is invertible, it was first stated in |1JKLT00| . 
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4.5. Proof of Theorem l4.5[ Let T be a right Hopf monad on a right autonomous 
category C, with right antipode s^ . Our proof wiU rely very strongly on the prop- 
erties of the morphism of functors F: 7 (3T{t) -^ T'^ defined by: 

(42) r^ = (evx(idx s^) ®idT2(x))(idx ® T2(T(X)^,T(X))r(c5rvT(x))) 

for any object X of C. 

Notice that, if T is of the form 7 ^ A, where ^ is a Hopf algebra in a braided 
autonomous category (see Example 13. 1U|I . then Tx = idjc (8) (5 (g) idA)A. 

Lemma 4.9. For any object X of C, we have 

(a) ^JLx'^x = rjx ®T(i; 

(b) T{^lx)TTi,x)T2{X,l) = T{r^x); 

(c) T((idT(jf ) ® Mi)T2(x, r(i)))rx«T(i)(idx ® T2(i, 1)) = r(idT(x) ® vi)^x; 

(d) rx(idx (8)??i) =?7t(x)»?x- 
Proof. Let us prove Part (a). We have: 

^ixTx = (e-Vx ® idT(x))(idx ® {s'x ® Hx)T2{T{xy ,T{X))T{66^vt(x))) 
= [evx (E> rix)(}dx ® coevxTo) by ^ 
= Vx®To. 

Let us prove Part (b). We have: 

Tifix)TT(x)T2iX,l) 

= (evT(x)(idT(x) ® ST(jf)) ® T{fix)) 

{idT(x)®T2{T\xi',T\X))T{^YT^x)))T2{XA) 
= (evT(x)(idT(x) ® 4(jf)r(A^x)) ®idT2(x))(idT(x) '^r2(T(X)\r(X))) 

r2(X, T(X)'' ® r(X))T(idx ® cSevT(jf )) 
= (e'VT(x)(idT(x) ® 4(x)r(Mx))r2(^,T(X)'') ®idT2(x)) 

r2(X(8)T(X)'',T(X))T(idx ®c'5gVT(x)) by IJH 
= (Tor(evx)r(idx ®rix)® '^'^t^x)) 

T2{X ®T{Xy ,T{Xj)T{idx ® ^^VTix)) by ^ 
= {To ® T{i^x))T2{t, X)T{{eyx ® idx)(idx ® c5SVt(x))) = ^(Tyx). 

Let us prove Part (c) . Denote by £x the left hand side of Part (c) . Firstly, using 
the functoriality of T2, we have: 

Cx =(evx,g,T(i)(idjc®T(i) ® ax) ® idT(T(x)®T(i))) 

(idx»T(i) ® r2(T(l)'' ® r(X)^, T(X) ® T(l))) 

(idx ® T2(l, T(l)'' ® r(X)^ ® r(X) T(1))T(c'^vt(x)®t(i))) 

where ax = s^^ ^^^^^T{T2iX,T {!))'' )T {fi^ ^id^^xr)- Now 

ax = (4(i)®s5,)T2(r2(l)\T(X)'')r(A.;^®id3.(x)v) by® 

= (s^T^nt^i) ® s5,)T2(r(i)\ r(x)^) 
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and, using (fTT|l . 



(idx»T(i) ® T2{T{iy ,T{Xy) ® idT(x)»T(i)) 

(idx»T(i) «> T2(T(1)^ ® T{Xy,T{X) ® T(l))) 

(idjf ® r2(l, T(l)'' T(X)'' T{X) ® T(l))) 

= (idx ® T2(i, r(i)^) T2(T(x)^, r(x) ® r(i))) 
(idx ® r2(r(i)'', r(x)'' ® t{x) ® r(i))). 



Therefore, since <s^x®t{i) = evjc(idjc ^ evT(i) (8) id^v), we have: 

Cx = (evx(idx ® Sx) ® idT(T(x)«.T(i))) 

(idx ® e~VT(i)(idT(i) ® 4(i)7^K))r2(l, T(l)^) ® T2(T(X)\ r(X) ® r(l))) 
(idx -^ T2(r(l)^, T(X)^ ® T{X) ® T(l))r(cWvT(x)®T(i))) • 

Nowe'VT(i)(idT(i)®4(i)T(/i^))r2(l,T(l)^) = ToT(7?^) by (H^. Hence, using (O, 

-Cx = (evx(idx ® Sx) ® T(idT(x) ® Vi)) 

(idx ® T2(r(X)^,T(X))T(c5ivT(x))) 
= r(idT(x) ® ?7i)rx- 

Let us prove Part (d). We have: 

rx(idx f^Vi) 

= (evx(idx <8 s^) <8) idT2(x))(idx ® T2(r(X)'',T(X))T(c^VT(x))%) 

= (evx(idx «)Sx)®idT2(x))(idx ® T2{T{Xy ,T{X))7]T(xy ^Tix)CoevT{x)) 

= (evx(idx ® s^x-nrix)")® '7T(Js:))(idx ® c'oevT(x)) by HZI) 

= (evx(idx (8) ?7x) «) »7T(x))(idx ® c'oevT(x)) by 1(23 

D 



Lemma 4.10. For any T -module {M,r), T{r)TM: (M,r)®(T(l),//i) ^ {T{M),^xm) 
is a morphism of T -modules. 

Proof. Since 

T2(T(Af)\ r(Af))r(c'55vi.(M))A^i 

= T2(T{My ,T{M))fj,T{Mrtg,T{M)T'^{coevT(M)) 

= {l^T(Mr ® l^T{M))Ti{T{MY ,T{M))T\^^yt{m)) by (O, 
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we have 

= (GVM(idM ® slf) r(r))(r rzlTlAf)"", r(Af))r(c5ivT(M))Mi) 
= (evM(r sljfiTiMy ) ® T{r)nT{M)) 

(idj.(M) ® r|(T(M)\ r(M))r2(c^vT(M))) 

= (evM(r ® SMr(s5.(M))T2(^)(f ) T(r)/iT(Af)) 

(idj.(M) » Ti{T{M)\T{M))T\6^YriM))) by 12H1) 
= (evM(f ® sliT{s^f^]yj-^) (g) T{r)fj,T{M)T^{fJ'M)) 

{idT^M)^T^{THMf,T\M))T\6S^YTHM)))- 
Now 

(r(4(Af))«'idT3(M))T|(r2(M)'',T2(M))T2(c5irvT2(Af)) 

= T2{T{M)\ T'{M))T{{s^^^,,^ ® idj,3(M))T2(T2(Af )\ r2(M))r(c5ivj,.(M))) 

= T2{T{MY, r3(M))T((idT(A^) ® rT(A/))(c5rVT(A^) ® idT(i))) 

= (idT(T(A/)V) «- r(rT(A/)))T2(T(M)^,T(M) ® T(l))r(c5evT(A/) ® idrd)), 
and, using Q, 

T{r)nTiM)T^{fJ'M) = f^AiT^irf^M) = HMT^{rT{r)) = T{r)fiT{M)T^{r)- 
Therefore, we get 
Tir)TMir®fii)T2iM,T{l)) 

= {eYMir ® slf) ® T{r)tiTiM)T\r)T{TTi^M))) 

(idT(A/) ® T2{T{M)^,T{M) ® r(l))T(c5evT(Af) » idT(i)))T2(M,T(l)) 
= (e~VM(r s^,)T2(M, r(M)^) ® T{r)^iTiM)TiT^r)^riM))) 

T2{M ® T{Mf,T{M) ® r(l))r(idAf ® ^^^T(M) ® idT(i)) by ^ 
= (evM(r ® 4,T(r^))r2(M, M^) T(r)/iT(Af)T(rAf )) 

T2(Af ® M'^,M T(l))T(idAf (8) coevM ® idT(i)) by functoriaUty of T 
= {ToTievM)®T{r)tiTiM)TiTM)) 

T2{M ® M'^,M r(l))T(idAf ® cowAf ® idT(i)) by Theorem IXHTb) 
= (To AiAfT2(r)r(rAf ))T2(1, Af ® r(i)) 

T{{evM "X) idAfig)T(i))(idAf coevAf ® idT(i))) 
= ^lMT{T{r)TM) by CSJ. 
Hence r(r)rAf is a morphism of T-modules. D 

Now we are ready to prove Theoreni l4.5l Let (Af , r, p) be a right Hopf T-module 
and i: M^°'^ ^ Af be an equahzer of the pair {p,idM ® Vi)- We wiU show that 
rT{i) is an isomorphism in C (by constructing an inverse) and we will check that 
rT{i) is a morphism of right Hopf T- modules. By Remark l4.2l this will prove the 
theorem. 

Set Va/ = T{r)TMp: M ^ T{M). 
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Lemma 4.11. The morphism ipM enjoys the following properties: 

(a) ripM = id A/; 

(b) ipMr = ^j.mT{iI;m); 

(c) T{p)ipM = T{idM «) ?7i)V'm; 

(d) Vm* = VMi- 

Proof. Since M is a T- module and a right T-comodule, we have, by Lenmia l4.9f a). 
r'ipM = rT{r)TMP = rfiM^^MP = r^rjM ^ To)p = rr]M = idA/- Hence Part (a). 
Moreover, we have: 

ipAir = T{r)VMpr 

= T{r)TM {r ® Pi)T2 {M, T{l))T{p) by gOJ 
= HMT{T{r)TM)T{p) by Lemma lOHl 

= /iAfT'('0A/)- 

Hence Part (b). Now, since M is a right HopfT- module, we have, by Lemma iriW c) . 

T{p)'iJjM = T{pr)TMP 

= T{r ® ^i^)TiT2iM, Tit)))T^ip)TMP 

= T{r ® tii)T{T2{M, T(l)))rM»T(i)(p «> idT(i))p 

= r(r ® idT(i))T((idT(Af) ® Mi)7^2(M,T(l)))rM«T(i)(idAf ® T2{1, t))p 

= T{r (g) idT(i))T(idr(Af) rii)^MP 

= r(idM (E>r]i)i^M- 

Hence Part (c). Lastly, we have 

f/'Afi = T{r)TMpi = T{r)TMiidM <8) ?7i)J 
^T{r)r]T(^M)VMi by Lemma|01 (d) 
= r]Mrr]Mi = ??*?«■ 

Hence Part (d). D 

By Lemma B-lir cl. tpM equahzes the pair {T{p) ,T{idM (^Vi)) ■ Since, by assump- 
tion, T{i) is an equalizer of the pair (T(p),T{idM (E) rjt)), there exists a (unique) 
map ^M : M -^ r(M'=°^) such that TpM = T{i)(t)M. 

Let us check that 4>m is inverse to rTii). We have rT{i)<f>M = ripM = idT(A'/) 
by Lemma l4.11f a^. In order to show that 4>MrT{i) = idAfcoT, it is enough to check 
that T{i)(j)MrT{i) — T{i) because T'(i), being an equalizer, is a monomorphism. 
Now 

T{i)^MrT{i) = ^MrT{i) = pMT{^M)T{i) by LemmaEHb) 
= pMT{riM)T{i) by Lemma HTlT d^ 

Hence rT{i) is an isomorphism in C. 

Finally, let us check that rT{i) is a morphism of right Hopf modules. Firstly, 
we have rT{rT{i)) = rT{r)T^{i) = riJMT'^{i) = rT{i)nM--T. Therefore rT{i) is a 
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morphism of T-modulcs. Secondly, we have: 

PtT{i) = {r ® ii^)T2{M,T{l))T{p)T{i) 

= {r® fit)T2{M,T{t))T{idM ® m)Tii) 
= {r®ptTirjt))T2iM,l)Tii) 

= {rT(i) ® idT(l))T2(M'=°^, 1). 

So rT[i) is also a morphism of right T-comodules. This completes the proof of 
Theorem 14.51 

4.6. Proof of Theorem 14.61 Firstly, by Lemma [4.31 and fimctoriality of jjl and 
Ta, the assignments X v-^ {T{X),p,x,T2{X,l)) and / ^ T{f) define a functor, 
denoted T, from C to the category of right Hopf T-modules. 

Assume T is an equivalence. In particular T is conservative. If / is a morphism 
in C such that T[f) is an isomorphism in C, then T[f) is an isomorphism (by 
Remark |4.2|) and so is / (since T is conservative). Hence T is conservative. 

Let us prove the converse. Let (M, r, p) be a right Hopf T-module and M^°'^ 
be its coinvariant part, which exists by assumption. By the universal property of 
equalizers, any morphism of right Hopf modules /: (M,r,p) — > (M' ,r' , p') induces 
a morphism M^""^ — > M'^°^ . This defines a functor 7'^°"'" from the category of right 
Hopf T-modules to C. By Theorem 14.51 the functor T'^"-^ is a right quasi-inverse 
of T. Assume now that T is conservative. It is enough to prove that, for any 
object X oi C, r/x ■ X -^ T{X) is the coinvariant part of the right T-comodule 
{T{X),T2{X,1)). Indeed, if this is true, then rjx induces a functorial isomorphism 
X -^^ T{XY°'^ , so that 7'^°'^ is also a left quasi-inverse of T. We have the following 
lemma: 

Lemma 4.12. Let T be a right Hopf monad on a right autonomous category C. 
Then T(rix) is an equalizer of the pair (T{T2{X, 1)), T{idx(x) '^ Vi)) ■ 

Proof. Let f : Y ^ T'^(X) be a morphism in C equalizing the morphisms T{T2{X, 1)) 
and T(idT(x) ® Vi)- If there exists g:Y-> T'^{X) such that / = T{r)x)g, 
then g = pxT{r]x)g = Pxf, and so g is unique. All we have to check is that 
/ = T{rjx)P'xf- We have: 

T^{vx).f = T{T(px)Tt(x))T{T2{X, 1))/ by LemmallStb) 
= T(T{px)^T(x))T(idT{x) ® %)/ by assumption 
= T{T{px)VT^x)VT{x))f by Lemma ESId) 
= T{riT(x)ti'XVT{X))f 
= T{vT(x))f by©. 

Hence / = fJ.T{x)T{vT{x))f = fJ-T{x}T'^{vx)f = T{-qx)p.xf- □ 

Now let X be an object of C. The right Hopf T-module {T{X),px,T2{X,l)) 
admits a coinvariant part i: T{Xy°^ -^ T{X) (by assumption) which is an equal- 
izer of the pair {T2{X,t),idx ?7i). Since rjx equalizes this pair by ((T7|) . there 
exists a unique morphism j : X ^ T{Xy°'^ such that rjx = ij- To prove that rjx 
is an equalizer, we need to show that j is an isomorphism (since i is an equal- 
izer). Now, applying T to this situation, we have two equalizers for the pair 
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{T{T2{X, 1)), T{idxmi)), namely T{r]x) (by lemma KT^ and T{i) (because T pre- 
serves coinvariants of right Hopf T-modules). Therefore, since T{rix) — T{i)T{j), 
the morphism T{j) is an isomorphism, and so is j because T is conservative. This 
completes the proof of Theorem 14.61 

5. Integrals 

In this section, we study integrals of Hopf monads. In particular, using the 
decomposition theorem for Hopf modules, we prove a theorem on the existence of 
universal left and right integrals for a Hopf monad. 

5.1. Integrals. Let T be a bimonad on a monoidal category C and K be an end- 
ofunctor of C A (K -valued) left integral of T is a functorial morphism c: T —> K 
such that: 

(43) {idTit)<E)Cx)T2{l,X)^f]t(g)cx. 

A (K -valued) right integral of T is a functorial morphism c: T —^ K such that: 

(44) {ex ® idT(i) )T2 (X, 1) = ex «) ??i . 

Example 5.1. Let A be a bialgebra in a braided category C. Consider the bimonad 
T = A®? on C, see Example 12. 21 Let %: A ^ k he a. morphism in C. Set K ~ k®l 
and define c: T ^y K hy cx = X® idx- Then c is a iiT- valued left (resp. right) 
integral of T if and only if x is a /c-valued left (resp. right) integral of A. 

Let T be a bimonad on a monoidal category C. A left (resp. right) integral 
A: T ^ / of r is universal if, for any left (resp. right) integral c: T -^ K oi T , 
there exists a unique functorial morphism /: I ^> K such that c = fX. 

Note that a universal left (resp. right) integral of T is unique up to unique func- 
torial isomorphism. 

5.2. Existence of universal integrals. Recall that, according to Lemma 14.11 
if T is a comonoidal endofunctor of an autonomous category C and X an object 
of C, then we have a right T-comodule {T{X),T2{t,X)) and a left T-comodule 
\T{X),T2{X,1)). 



Proposition 5.2. Let T be a bimonad on an autonomous category C. 



V 



(a) //, for any object X of C, the right T-module (r(JC),T2(l, AT)) admits 



coinvariants, then T admits a universal left integral \ . T ^ Ii, which is 
characterized by the fact that (Aj^) : h{X) -^ T{X) is the coinvariant 
part of{T{X),T2it,X)y for all object X ofC. 
(b) //, for any object X ofC, the left T-module {T{X),T2{X,1)) admits coin- 
variants, then T admits a universal right integral X^ : T -^ I,., which is 
characterized by the fact that (A^^): Ir{X) —> T{X) is the coinvariant 
part of''{T{X),T2iX,l)) for all object X ofC. 

Proof. We prove Part (a), from which Part (b) can be deduced using the opposite 
bimonad. For an object X of C, we have {T{X),T2{1,X))'^ = {T{xY ,p\), with 

Px ^T2{t,X)^(iAT(xY ®coevT(i))- 

Firstly, observe that a functorial morphism c : T —t K is & left i^-valued integral 
of T if and only if, for any object X of C, the morphism c\ : K{X) — > T{X) 
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equalizes the pair {px,^(^T(xy ® Vi)- Indeed, we have {idrp(t) <E) cx)T2{l,X) = 
Vt ® cx if and only if 

{idx (xy tg,T{i) «)evK(x))(idT(i) (E) cx)T2{t, X){c6evT(x) ®idK(jf)v) 

= (idT(x)v<8.T(i) <^ evK(X)){vt <^ cx){coevT(x) '^^dK{xy'), 

that is, if and only if p^f'^x = c)^ ® %■ 

Now assume that, for any object X of C, {T{X),T2{t, X)) admits a coin- 
variant part ix '■ E{X) — > T{X) . The morphism ix is an equalizer of the pair 
{p'x,idT^xr <»Vi)- Define A^ = V: T{X) = ^(TiX)^) ^ "^EiX). Using the 
universal property of equalizers, one checks easily that the assignment X i— > E{X) 
defines an endofunctor // = '^E of C and that A' : T — > /; is a functorial morphism. 
By the initial remark. A' is a left integral for T. 

Let K be an endofunctor of C and c be a left iiT-valued integral. Again by 
the initial remark, there exists a unique morphism ax '■ K{X) — > E{X) such 
that cx^ — ixo-x- Using the universal property of equalizers, one checks that 
a : K"^ —> E is a functorial morphism. Dualizing, we obtain that there exists a 
unique functorial morphism f = ^a: Ii — E ^ K such that c = /A'. Hence A' is 
a universal left integral. D 

Recall that, for any endofunctor K of an autonomous category C, we form two 
endofunctors K- = l"" o K°p o "^7°? and 'k = "^7 o 7^°Po?v°p, see Section O This 
defines two functors ?, ?■ : End(C)°P — > End(C) such that ? and ?°p are quasi- 
inverse. 

Theorem 5.3. Let T be a Hopf monad on an autonomous category C. Assume 
that left Hopf T -modules and right Hopf T-modules admit coinvariants which are 
preserved by T (such is the case if equalizers exist in C and are preserved by T). 
Suppose moreover that T is conservative. Then there exist two auto- equivalences Ii 
and Ir of the category C, a universal Ii-valued left integral of T , and a universal 
Ir-valued right integral of T . Moreover I^ is quasi-inverse to Ir and Ir is quasi- 
inverse to Ii . 

Example 5.4. Let A be a Hopf algebra, with invertible antipode Sa, in a braided 
autonomous category C. Consider the Hopf monad T = A®1 on C, and assume 
that C splits idempotents as in Example 14.81 Then Theorem 15 . 81 applies . and there 
exists a universal left integral A' : T ^ /; and a universal right integral X^ : T ^ Ir 
on T, where J; and Ir are equivalences of C such that I/ is quasi-inverse to Ir- 
Moreover, by Proposition 15.21 and since ® commutes with equalizers, there exists 
objects ki and kr and morphisms J : A ^ ki and / : A — > fc^ in C such that 

h — ki<^l , \^x = j <8>idx, Ir — K®! and A^^ = / (8>idx- The morphisms / and 
J are universal left and right integrals of the Hopf algebra A respectively. Since 
/; —l®ki^ is quasi-inverse to Ir = kr(^l, we see that fc^ i?) fc;^ = 1. Hence we may 
assume kr — ki and this object, denoted Int, is ®-invertible. Let us summarize 
this discussion: there exists a (g)-invertible object Int of C, a universal left integral 
J : A —^ Int and a universal right integral J : A ^ Int on A. This result was first 
proven in jBKLTOOj . 

Remark 5.5. In Theorem 15.31 the auto-equivalences Ii and Ir are in general not 
isomorphic to Ic- Such is already the case in the setting of Example 15.41 fsince in 
Example 3.1 of |BKLTOf)) the object Int is not isomorphic to 1). 
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Proof of Theorem, \5.!A By Proposition 15 . 21 T admits universal left and right inte- 
grals, which we denote A' : T ^ Ii and y : T ^ Ir respectively. 

Let X be an object of C. By Lemma lOl (T(X),/ix, 72(X, 1)) is a right Hopf 
T-module. So '^(r(X), /^x, ^^(X, 1)) is a left Hopf T-modulc (by Lemma lOj) whose 
coinvariant part is (A^f): /,(X) ^ T{X) (by Proposition [^fb)). Therefore, by 
Theorem l4.5l we have an isomorphism T( Ir{X)) — > T{X) of left Hopf T-modules. 
Applying the right dual functor of Lemma 14.41 to this isomorphism, we obtain 
an isomorphism of right Hopf T-modules T{X) -^^ T{ Ir{X)) . Likewise, using 
Lemma^31 ProDOsition l5 .2Jl a,). and Theorem 14. 51 we have an isomorphism of right 
Hopf T-modules between TClr{X)f and T{liClr{X)f). By Theorem KE[ we 
deduce from this a functorial isomorphism 

X ^ Tixr'^ ^ {T{X(X)fY°^ ^ IiiXiX))'' = I'MX). 

Similarly, applying the previous construction to T°p, we obtain a functorial iso- 
morphism Ic — > Irh- Hence, using Remark 13.31 we obtain that // and Ir are 
auto-equivalences of the category C such that /; is quasi-inverse to Ir and Ir is 
quasi-inverse to //. D 

5.3. Integrals and antipodes. In this section we show, as in the classical case, 
that left (resp. right) integrals arc transported to right (resp. left) integrals via the 
antipode. It turns out that this works only for integrals with values in endofunctors 
admitting a right adjoint. 

Proposition 5.6. Let T be a bimonad on an autonomous category C and J , K be 
endofunctors of C. 

(a) Assume T is a right Hopf monad. Let c: T ^ J be a left integral of T and 
suppose we have a functorial niorphisni s: J K -^ Iq. For any object X 
ofC, set: 



s 



K(x)T{c-Kix)e-x):T{X)^K{X). 



Then the functorial morphism c'^' : T -^ K is right integral of T . 
(b) Assume T is a left Hopf monad. Let d: T —f K be a right integral of T and 
suppose we have a functorial niorphisni e' : KJ —t Xq- For any object X 
ofC, set: 



(e') 



dx = s'j^x)-T(-dj^x) 'e'x) ■■ T{X) ^ J{X). 



Then the functorial morphism ^"^ ' d: T ^r J is a left integral of T . 
(c) Assume that T is a Hopf monad. Suppose that K is right adjoint to J , 
with adjunction morphisms a: J K ~> Ic and /?: l^ ^ KJ. Then the 
assignment c i— > c*-"' defines a bijection between J -valued left integrals of T 
and K -valued right integrals ofT, whose inverse is given by d t-^ 'd. 

Proof. Let us prove Part (a). Set d — c^'^K Let X be an object of C and set 
Y = ^K{X) and y = CK(x)e-x. By (0, we have T2{1,YY {y®idT(^iy) = V^Vi" ■ 
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Therefore: 
dx ® T(coevi)?7i 

= (dx m^^^iTo)T2{X, 1) by ^ 

= (s^r(y) ® (4 ®/ii)r2(r(i)'',r(i))r(c5irvT(i)))r2(x,i) by m 

= (s^Y ® (4 ® A^i)r2(r(i)\ r(i)))T2(T(r)\ r(i)^ ® T(i))T{y <e> c^vt(i)) 

= ((s^®s',)T2(T(y)\T(l)^)0/ii) 

T2(r(r)'' ®T(l)^,T(l))r(y®c55vT(i)) by ^ 

= (s^T(r2(i,i")'')®/ii)T2(T(y)^®r(i)^,r(i))r(y®c5rvT(i)) by m 

and so 

dx <Xi r(coevi)77i 

= K ® /^i)r(T2(l, Yy)T2{T{Y)\T{l)) 

T{{T2{t, yY (g> idTit)){y ® c^VT(i))) 

= (s^ ® Mim7^2(i, i^)^)r2(r(y)\ r(i)) 

T(y ® « (g) idT(i) )c5evT(i) ) by gSl 
= (s^ ® Mi)r(T2(l, Yf)T2iT{Yy,T{t))Tiy ryic5iVi) 
= (s^T(y) ® MiT('7i)r(c^vi))r(X, 1) 
= (dx ® r(coevi))r(X, 1) by ©. 

Since coevi is an isomorphism, we get dx ^Vt — {dx ® ^'dT{±))T{X, 1). Hence d is 
a iiT- valued right integral of T. 

Part (b) is obtained by applying Part (a) to the opposite Hopf monad. Let us 
prove Part (c). Let c: T ^ J be a left integral of T. Set c' = ^'^''\S-°'^). Let us 
check that c' ~ c. For any object X of C, we have: 

^'x = s^j(xrT{ {sZj^^j^^y^T{cK^j(^x)'')a^jix)))Px) 

= (^J{x)C<kj(x)T{(3x)sti^x}''TC^x) 

= "J(x)C!_R-j(x)r(/^^) by Proposition i:il II. 

= a,j(^x)J{Px)cx = ex by adjunction. 

Hence ^^^ ^(c^"^) = c. Applying this to the opposite Hopf monad, we obtain that 
(('^')d) " = d for any right integral d:T^K. D 

Proposition 5.7. Under the hypotheses of Theorem \5.!A in the bijective corre- 
spondence of Provosition T5~W c) . a universal left integral ofT is transformed into a 
universal right integral of T , and conversely. 

Proof. By Theorem 15.31 there exist a universal left integral A' : T ^ J of T and 
a universal right integral A'' : T -^ K oi T such that K is quasi-inverse (and, 
in particular, right adjoint) to J. Denote a: J if — > Ic and /?: Ic — > KJ the 
adjunction isomorphisms. Using Proposition 15 . 61 define a right integral c : T —^ K 
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and a left integral d : T ^ J hy c = (A') " and d — '^^(A''). We have to show 
that they are universal. Since A' and A'' are universal, there exist unique functorial 
morphisms f : K ^r K and g: J ^ J such that d = /A' and c = gX^ . It is sufficient 
to prove that / and g are isomorphisms. Since d^"' — A'' by Proposition 15 .fif e) . we 
have, for any object X oi C, 

^x = d^x = (A')?r(/'K(x)) = cxTif-Kix)) = K{fKix))cx = K{f Ki^x))gxyx- 

Thus K{fii)g = idif by the universal property of A*". By functoriality of g, we 
also have gK{fK) = idif. Hence g is an isomorphism. Similarly one shows that / 
is an isomorphism. D 



6. Semisimplicity 

In this section, we define semisimple and separable monads, and give a charac- 
terization of semisimple Hopf monads (which generalizes Maschke's theorem). 

6.1. Semisimple monads. Let T be a monad on a category C. Recall that for 
any object Y of C, {T{Y), fiy) is a T-module. Such a T-module is said to be 
free. If (M, r) is a T-module, then r is a T-linear morphism from the free module 
{T{M),fiM) to (M,r). Note that r]M- M -^ T{M) is a section of r in C, but in 
general t^m is not T-linear. 

Proposition 6.1. Let T be a monad on a category C. The following conditions are 
equivalent: 

(i) For any T-module {M,r), the T-linear morphism r has a T-linear section; 
(ii) Any T-linear morphism, has a T-linear section if and only if the underlying 

morphism, in C has a section; 
(iii) Any T-module is a T-linear retract of a free T-module. 

A semisimple monad is a monad satisfying the equivalent conditions of Propo- 
sition |01 

Remark 6.2. Assume that C is abelian semisimple, and T is additive. Then T is 
semisimple if and only if the category T-C of T-modules is abelian semisimple. 

Proof of Provosition \6.1\ We have (ii) implies (i) since r]M is a section of r in C. 
Clearly (i) implies (iii). Let us show that (iii) implies (ii). Let /: {M,r) -^ {N,s) 
a T-lincar morphism between two T-modules and g: N ^ M he a section of / 
in C. By assumption, {N, s) is a retract of {T{X), fjLx) for some object X of C. Let 
p: T{X) -^ N and i: N —^ T{X) be T-linear morphisms such that pi = idAr. Set 
g' = rT{gprix)i: N -^ M. We have: 

g's = rT{gprix)is = rT{gprix)nxT{i) = r^iMT^igpr]x)T{i) 
= rT{r)T{T{gpr]x)i) = rT{g') 

and fg' == frT{gprix)i = sT{fcjprix)i = sT{p)T{rix)i = Pt^xT{rix)i ^ pi ^ id^. 
Hence g' is a T-linear section of /. D 
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6.2. Separable monads. Let A be an algebra in a monoidal category. In particu- 
lar AiS)A is a ^-bimodule, and the multiplication m : A^A —^AoiAisa morphism 
of j4-bimodules. Recall that A is separable if m has a section a: A ^ A(E) A as a 
morphism of A-bimodules, which means that: 

(m (g) id^)(id^ (^ a) — {id a ® m){(T (g) id^) and ma — id^. 

In this case, set j — au: 1 ^ A (g) A, where u: 1 -^ A is the unit of A. Then the 
morphism 7 satisfies: 

(m (X)idyi)(idA ® 7) = (idyl ® ™)(7 <8) idyl) and mj — u. 

Conversely if 7 : 1 ^ A ® A satisfies the above equation, then A is separable and 
the section of m is cr = (m ® idyi)(idyt (g) 7) : A ^- A(g) A. We extend this notion to 
monads. 

Proposition 6.3. Let T be a monad on a category C. The following conditions are 
equivalent: 

(i) One may choose functorially for each T -module (M, r) a T -linear section 
'^(M,r) of the morphism r: T{M) —^ M. Here functorially' means that, for 
any T-linear morphism f : {M,r) -^ {N,s), we have: 

(ii) There exists a functorial morphism q: T ^ T^ such that: 

T{nx)'^T{X) = <ixlJ-x = lJ'T(X)T{qx) and ^ix<;x = idT(x); 

(iii) There exists a functorial morphism 7 : Ic — > T^ such that 

T{p.x)lT(x) = fJ-T(x)T{jx) and f^xlx = Vx- 

A separable monad is a monad satisfying the equivalent conditions of Proposi- 
tion |^1 

Proof. Let us show that (i) implies (ii). Define ^ — cr(T.fj.) '■ T — > T^, which is 
clearly a functorial morphism such that <,xl^x — idT(j's:)- Since /ix is T-linear, the 
functoriality of a gives <,xl^x — T{^x)^t(X)- Finally, using the T-linearity of cr, we 
have i,xlJ-x = /^t(x)T(<;x)- 

Let us show that (ii) implies (iii). Set ^ — qiy. Iq ^ T^- Then 

T{lJ.x)lT(X) == T(jlx)^T(X)'nT(X) = '^XlJ.XVTiX) 

= <.xl^xT{rix) = l^T(x)T{<,x)T{rix) = 1^t{X)T{jx), 

and ^J.xlx = l^x'.xrjx = Vx- 

Let us show that (iii) implies (i). For any T- module (M, r), set cr(M,r) ~ T{r)^M- 
We have: 

0(M,r)r = T{r)jMr = T{r)T'^{r)jT{M) = T{r)T{nM)lT{M) = T{r)a(^T{M),t,M) 

and ra(M,r) = rT{r)^M — rfiMjM — rr]M — id-M- Therefore a(^M,r) is a T-finear 
section of r. Finally, for any T-linear morphism / : (M, r) ~> (N, s), we have: 

(r(N,s)f = T(s)7jv/ = T(s)T2(/)7m - T(sT(/))7M = T(/r)7M = T(/)a(M,.). 
Hence a is functorial. D 
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6.3. Cointegrals. Let {T,fi,ii) be a bimonad on a monoidal category C. A coin- 
tegral of T is a morphism A: 1 ^ T{1) satisfying: 

(45) Mir(A) - ATo. 

This condition means that A is a morphisnis of T-niodules from (1, Tq) to (T'(l), /i^). 

Example 6.4. Let A be a bialgebra in a braided category C and A: 1 ^ yl be 
a morphism in C. Then A is an cointegral of the bimonad ^®? (resp. 7 ^ A) of 
Example 12.21 if and only if A is a left (resp. right) integral in A. 

6.4. Maschke Theorem. In this section, we extend the Theorem of Maschke, 
which characterizes semisimple Hopf algebras in terms of (co)integrals, to the (non- 
linear) setting of Hopf monads. 

Theorem 6.5 (Maschke Theorem for Hopf monads). Let T be a right Hopf monad 
on a right autonomous category. The following assertions are equivalent: 

(i) T is semisimple; 
(ii) T is separable; 
(iii) T admits a cointegral A: 1 ^ T{1) such that TqA = idj^. 

Proof. We have (ii) implies (i) by Propositions 16. II and 16.31 

Let us show that (i) implies (iii). Consider the T-module (l,To). Since T is 
semisimple, there exists a T-linear morphism A: (l,Tb) —^ (T(l),/ii) such that 
TqA — idj. The T-linearity of A means fitT{A) — ATq, that is, A is a cointegral. 

Finally, let us show that (iii) implies (ii). Consider the morphisms Tx- X ^ 
r(l) - ^ T^{ X) as defined in ^. Set -fx = Txiidx ® A) : A -^ T^{X). By 
Lemma [4.101 applied to the T-module {T{X), nx), we have: 

(46) r(^x)rT(x)(Mx ® A^i)r2(r(A),T(i)) - /^T(x)T(T(/ix)rT(x)). 

Composing the left hand side of l|46|l with T{rix ® A) gives: 

Ti^ix)rTix)it^x Mi)T2(T(A), T{l))Tirjx ® A) 

= T{^ix)rTix)it^xTivx) ® ^itTiA))T2{X, 1) 
= T(Aix)rT(x)(idT(x) ® ATo)T2(A,l) 
= T{^xhT{X)- 
Composing the right hand side of (|46|l with T{rix A) gives: 

l^T{x)T{T{p.x)TT(x))T{rix ® A) 

= ^iT(^x)T{T{^ix)T\J^x)Txi:l<lx ® A)) 
^ Ht{x)T{jx)- 

Hence T(iix)^t(x) — fJ'T{x)T{'jx)- Moreover, using Lemma lTW a) and since TqA = 
idi, we have fxxlx = M^rx(idx ® A) — {t]x ® TqA) = rjx. Wc conclude that T is 
separable by Proposition 16. 31 D 

7. Sovereign and involutory Hopf monads 
In this section, we introduce and study sovereign and involutory Hopf monads. 
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7.1. Sovereign categories. Let C be a left autonomous category. Recall that 
the choice of a left dual (^X,evx,coevx) for each object X oi C defines a left 
dual functor ? : C°p — > C. This is a strong nionoidal functor and it is unique up 
to unique nionoidal isomorphism. In particular, this leads to the double left dual 
functor 1 : C — > C, defined by X i-^ C^) ^^^d / ^^ ( /)i which is a strong 
monoidal functor. 

A sovereign structure on a left autonomous category C consists in the choice of 
a left dual for each object of C (and hence a strong monoidal functor ^^? : C ~* C) 
together with a monoidal morphism (ji: Ic — > ^^?. Note that, by Lemma 13.41 a 
sovereign structure (/): Ic — > ^^? is automatically an isomorphism. Two sovereign 
structures are equivalent if the corresponding monoidal isomorphisms coincide via 
the canonical identification of the double dual functors. 

A sovereign category is a left autonomous category endowed with an equivalence 
class of sovereign structures. 

Let C be a sovereign category, with chosen left duals Q' X , ev x , coev x) and sov- 
ereign isomorphisms (j)x '■ X ^^ ^^X . For each object X of C, set: 



evx = Gv^xi'Px ® id^x) : X (g) "^X - 


-^1, 


coevx — (idv^ (X) (f)x^)coev-'x '■ 1 ^ 


.^X 



• X. 

Then (^X, evx,coevx) is a right dual of X. Therefore C is autonomous. Moreover 
the right dual functor ?^ : C°p -^ C defined by this choice of right duals coincides 
with ? as a strong monoidal functor. However we will not necessarily make this 
choice of duals. 

Remark 7.1. Let C be a sovereign category, with sovereign structure (f>: Ic -^ ^^?. 
Since C is autonomous, we have 0~^ = = (/)■ by Lemma 13.41 Explicitly, we have 
4'x ~ {4'x'^) = (0^x) and (^x^v) = (0vvj^) = (px for all object X oi C (up 
to the canonical isomorphisms of Remark 13. 2|) . 

7.2. Sovereign functors. Let C, T> be sovereign categories, with sovereign struc- 
ture (p and (/)' respectively. Let F: C — > P be a strong monoidal functor. Recall 
(see Section lX^ that F defines a functorial isomorphism Fl{X) : F(^X) — > F{X). 
Hence a functorial isomorphism Fl\X) = ''{Fi{X)-^)FiCX) : F^X) -^ ''V(X). 
We will say that F is sovereign if 

(47) FiMFl\X) ^ cp'p^x^ 
for all object X of C. 

7.3. Square of the antipode. Let C be a sovereign category, with sovereign struc- 
ture (/): Ic ^ "^^7, and T be a Hopf monad on C. Define S'^ e Hom(T,T) by 

(48) S'x = cP^lxfi^ix)nVx))n4>x) 

for any object X of C. We call S^ the square of the antipode of T. 
Note that S^ depends, in general, on the sovereign structure of C. 

Example 7.2. Let ^ be a Hopf algebra in a braided autonomous category C, 
with braiding by r and sovereign structure 0: Ic — > ^^?. Then the square of 
the antipode of the left Hopf monad A(g)? on C (see Example 13.10(1 is given by 
Sx = (pA^^^i^A)"^ ® idx for any object X of C, where Sa is the antipode of A 
and Ua = (ev^r^.'^A ^idvv^)(idA <8)coevv^) : A -^ ^^A is the Drinfeld isomorphism 
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(see Section f8.1|) . Note that if C is ribbon with twist 9 (see Section fS.lll . then 
(f>A = UaSa and so S\ — 0^[SaY ® idx- In particular, if iJ is a finite-dimensional 
Hopf algebra over a field k, then the square of the antipode of the left Hopf monad 
H®isl on vect(lk) is given by S\ — [ShY ®'^^x for any finite-dimensional k-vector 
space X. 

Proposition 7.3. The functorial morphism S^ : T ~* T is an automorphism of 
the Hopf monad T (see Section \3.1^ . Moreover the inverse of S^ , denoted S^^ , is 
given by: 

for all object X of C (up to the canonical isomorphisms of Remark \3.SfJ . 

Remark 7.4. Recall that, in Section I5TSI we defined an anti-automorphism S of 
the monoid (Hom(lc,T), *, 77). Nevertheless, the notations are not in conflict since 
S^f = (S')2(/) and S-^if) = (S'-^)2(/) for all / e HOM(lc,r). In particular 5^/ 
does not depend on the sovereign structure of C (unlike S"^). 

Proof of Proposition \ 7. y\ Let (M, r) be a T- module. By Theorem 13. 8f a), we have 

'^^M, r) = C^M, '^'^rY.M), where Y.m = stT(Af)^(''(«M))- Also, if (^ : iV -^ Af is an 
isomorphism in C, then (Af, r)'^ = {N,if^^rT{if)) is a T-module. Define a functor 
F: T-C^T-C by 

(M, r) ^ {^\M, r)Y" = (A/, <^^/^^rSMr(0M)) - (M, rSl,), f^f. 

By the preliminary remarks, F is well-defined. Since (p: Ic —>■ ? is monoidal, the 
functor F is monoidal strict. Also UtF = Ut- Therefore S*^ is a morphism of 
bimonads by Lemma 12.71 and so of Hopf monads. 

Let us show that S^ is an automorphism. Remark that if {N, s) is a T-module and 
ip: N ~i M is an isomorphism in C, then (iV, s)^ = {M, ifsT{ip~^)) is a T-module. 
Also {{M,rY)^ = (Af,r) and {{N,s)^Y = {N,s) for any T-modules iM,r), {N,s) 
and any isomorphism ip: N ^ M in C. Therefore F is an autofunctor of T-C with 
inverse given by T'~^(Af, r) — ((Af, r)^^,,,) (up to the canonical isomorphisms 
of Remark 123. Now, by Theorem E^b) , (M^r)"'"' = (Af^^, r^^E'^^), where 
^M = ST(Af)^^(('5M)'')- Therefore: 

F-i(Af,r) = (^^Af,0MrT(0^/))^^ 



(Af,0)(/r--r(0^/)""sC 



MJ 

vv. 



= (Af,r0^^,,)S'Mr((0^/)^^)) 

= (Af, r0T.(M)vvE^,r(0^/vv)) by RemarkO 

^{M,rSl,^), 

where S*^/ = 4't{m)'-''^ slj,,^j-.vT{{s\f) )T((/)j^vv). Again by Lemma|^| we get that 
S^'^ : T ^ T is a morphism of Hopf monads and is an inverse of 5^. D 

Lemma 7.5. Let C be a sovereign category, with sovereign structure 0: Ic — > ?, 
and T be a Hopf monad on C. Let a G Hom(1c, T) and a" G Hom([/t, Ut) as in 
Lemma \l.'A The following conditions are equivalent: 

(i) La = RaS'^ , where La and Ra are defined as in (O; 

(ii) (t>a* G Hom(C/t, "^""VC/t) = HoM(f/T,C/T'^%-c) /i/ts to Hom(1t-c/''?t-c)- 
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Proof. Let {M,r) be a T-module. Recall that {4>a^){M,r) = (jjuroM- Also, by 
Theorem I3.8f a^. we have: 

Therefore ^a" lifts to a functorial morphism 1t-c ^ ^^'^■t-c if a-nd only if, for any 
T-module {M^r)., we have ^mtomt — <t'MTS\jT[(f)^j )T((f)MraM) or, equivalently, 
r^iMO'TiM) — ffJ'MT{aM)S]^ since (p is an isomorphism and rT{r) = r^M- By 
Lemma ll.2l this last condition is equivalent to hx<it(x) — ^^xT{ax)S\ for all 
object X of C, that is. La = RaS^ ■ □ 

7.4. Sovereign Hopf monads. Let C be a sovereign category. A Hopf monad T 
on C is sovereign if it is endowed with a grouplike element G (which is *-invertible 
by Lemma l3.17|l . called the sovereign element of T, satisfying: 

(49) S^ = adc- 

Here S"^ is the square of the antipode of T (see Section [73|) and ad is the adjoint 
action of T (see Section [L^ . 

Proposition 7.6. Let C he a sovereign category and T be a Hopf monad on C. 
Then sovereign elements of T are in bijection with sovereign structures on T-C. 

Proof. Denote </>: Ic ^ ^^? the sovereign structure of C. Suppose that G is a sov- 
ereign element of T. Since S^ = ado and so Lq — RqS^ , the functorial morphism 
^G" lifts to a functorial morphism $: 1t-c ^ '^'^'^t-c by Lemma r7.5l Since and 
G" are monoidal (see Lemma [3.1 6|) . so is the lift $ of (pG^ , which hence defines a 
sovereign structure on T-C. 

Conversely, let $: 1t-c ~* '^'^'^t-c be a sovereign structure on T-C. Since the 
functorial morphism (/)~^L't($) is monoidal, there exists a (unique) grouplike ele- 
ment G of T such that 0-if/T(*) = G" (by Lemma ITTHIl . Since (f>G^ = Uri^) lifts 
to the functorial morphism $, we have (by Lemma f7.5|l that Lq = RgS^, that is 
S^ = adc. Hence G is a sovereign element of T. D 

7.5. Involutory Hopf monads. A Hopf monad T on a sovereign category C is 
involutory if it satisfies S'^ = idy, where S'^ denotes the square of the antipode as 
defined in Section 17.31 Note that this notion depends on the choice of a sovereign 
structure on C. 

Proposition 7.7. Let C be a sovereign category and T a Hopf monad on C. The 
following conditions are equivalent: 
(i) T is involutory; 
(ii) rj is a sovereign structure on C; 
(iii) There exists a sovereign structure on T-C such that the forgetful functor 

Ut : T-C —^ C is sovereign; 
(iv) We have Sx — '/'x^ ^x 2^(0t(x)"^) for any object X ofC (up to the canonical 
isomorphisms of E.emark \S.'A} . where (j) is the sovereign structure ofC. 

Proof. Clearly (i) implies (ii) since 77 is grouplike and ad,, — id^. Assume (ii) and 
equip T-C with the sovereign structure defined by ry. Then the forgetful functor 
Ut is sovereign. Hence (ii) implies (iii). 

Let us prove that (iii) implies (iv). By Theorem 13.81 we have preferred choices 
of left and right duals of {M,r), namely ""{M^r) = CM^s^jTC^rj) and {M,r)'' = 
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{M"^, sliTir"^)). With this choice of duals, {Ut)[{M, r) = idv^^. Let $ be a sover- 
eign structure on T-C such that Ut is sovereign. We have Ut{^) — <J>Ut by l|T7JI . 
Let {M,r) be a T-module. We have *(A/,r)'^SM^(^'') = s\iT{''r)T{^(M,ry) since 
*(M,r)^ is T-hnear, and so 4im^ s\jT{r'^) = s\iT{cj)j^(^My^)T{r'^)- Hence (iv) by 
Lemma 11.21 

Finally, let us prove that (iv) implies (i). For any object X of C, we have: 

Si = <i^^lxfir(x)TC{s'x))T{<l>x) 

= '/'T(V)M^)«^T(X)^('/'TrT(X))'")^( (Sx))T('/'x) 

= s'Zj,,^^T{{sx) ) = idT(x) by Proposition 13. Ill 
Hence T is involutory. D 

8. QUASITRIANGULAR AND RIBBON HOPF MONADS 

In this section, we define R-matrices and twists for a Hopf monad. They encode 
the facts that the category of modules over the Hopf monad is braided or ribbon. 
We first review some well-known properties of braided and ribbon categories. 

8.1. Braided categories, tv^rists, and ribbon categories. Recall that a braiding 
on a monoidal category C is a functorial isomorphism r e Hom(®, 0°^) such that: 

(50) Tx,F®z = (idy ® tx,z){tx.y ® idz); 

(51) Tx®Y,z = {tx,z fXi idi')(idjc ® ty,z); 

for all objects X, Y, Z oiC. A braided category is a monoidal category endowed with 
a braiding. If r is a braiding on C, then so is its mirror t defined by tx.y = ''"y j^- 
If C is a braided category, with braiding r, and if {X, Y, e, h) is a duality in C, 
then (y, X, erx,F,Ty jj-/i) is a duality too. In particular, a braided category which 
is left (resp. right) autonomous is also right (resp. left) autonomous, and so is 
autonomous. 

Let C be a braided autonomous category. Let U: Ic ^ ^^? be the functorial 
morphism defined, for any object X of C, by: 

(52) Ux = [cvxTx^-'x ® idvv^)(idx ® coewj^ ). 
Lemma 8.1. The morphism U enjoys the following properties: 

(a) Ux®Y = iUx ®1^y)txy'''y X Z*"" '^^^ objects X,Y ofC; 

(c) U is an isomorphism and, for any object X of C, 

Ux^ = (ewjf ® idx)(idvv^ r\^^coevx). 

We will refer to lA as the Drinfeld isomorphism of C. 

Remark 8.2. The Drinfeld isomorphism U is monoidal (and so is a sovereign 
structure on C) if and only if the braiding r is a symmetry^ that is, f = t. 

Recall that a twist on a braided category C, with braiding r, is a functorial 
isomorphism G Hom(1c, Ic) satisfying: 

(53) ^x®Y = (6js: ® QY)TY,xrx,Y 
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for all objects X, Y of C. If C is autonomous, then a twist 9 on C is said to be 
self-dual if it satisfies 

(54) ""IQ^ Q^l (or, equivalently, l'^ Q = 9 l'^). 

A ribbon category is a braided autonomous category endowed with a self-dual twist. 
The following proposition establishes a correspondence (via the Drinfeld isomor- 
phism) between the notions of sovereign structure and twist in the context of an 
autonomous braided category. 

Proposition 8.3 (Deligne). LetC be an autonomous braided category, and denote 
hi its Drinfeld isomorphism. The assignment Q <-^ UoQ defines a bisection between 
twists on C and sovereign structures on C. 

8.2. Quasitriangular bimonads. Let T be a monad on a monoidal category C. 
Recall (see Section IT^ that a functorial morphism R e HOM((g),T (g)°P T) = 
HOM((g), (8)°^ o T^^) is *-invertible if there exists a (necessarily unique) functorial 
morphism R*-^ e Hom((8)°p, TiSiT) = Hom((8)°p, (gjoT^^) such that R*-^*R = r]'Sir] 
and R * R*~^ = rj 0°? ry, where * is the convolution product as defined in Q. 

An K-matrix for a bimonad (T, /i, rj) on a monoidal category C is a *-invertible 
functorial morphism R G HoM((g), T (X)°p T) such that: 

(55) {fiY ® ^x)Rt(x),t(y)T2{X, Y) = i^iY «> t^x)T2iT{Y), T{X))T{Rx,y); 

iSAT{Z)®T2{X,Y))Rx®Y.Z 

= {^z ® idT(x)®T(y))(-Rx,T(z) ® idT(y))(idx ® Ry,z); 

{T2{Y,Z)®idT(x))Rx,Y®Z 

= (idT(y)(8.T(z) ® Mx)(idT(y) ® Rt(x).,z){Rx,y ® idz); 

for all objects A", Y, Z oiC. A quasitriangular bimonad is a bimonad equipped with 
an R-matrix. 

Example 8.4. Let H he a bialgebra over a field k. Let r = J^i at ® h & H ^^ H . 
For any k- vector spaces X and F, set: 

Rx.y{x (E)y) ^^b,(g)y(E)a^(g)x € H (g)i,Y (g)i,H (g)tX. 

i 

Then R is an R-matrix for the bimonad iJ^k? on Vect(k) if and only if r is an 
R-matrix for H (in the usual sense) . 

Theorem 8.5. Let T be a bimonad on a monoidal category C. Any K-matrix R 
for T yields a braiding t on T-C as follows: 

T(M,r),(7V,.) = (s «) t)RMM ■■ {M, r) ® (N, s) -^ {N, s) ® (M, r) 

for any T -modules {M,r) and {N,s). This assignment gives a bisection between 
H-matrices for T and braidings on T-C. 

Proof. Let R S HoM((g),T (g)°P T) and set r = i?", where the canonical bijection 
?»: HOM((g),T ®°P T) -> Hom([/t ® Ut,Ut (8)°p Ut) of Lemma [Ql is given by 
f(Mr) (N s) = ('5 ® r)fM,N for all T-modules {M,r) and {N,s). In this correspon- 
dence, T is an isomorphism if and only if R is *-invertible, and r is T- linear in each 
variable (and so lifts to an element of HOM((g)T-Cj ^t'-c)) ^^ ^^'^ only if R satisfies 
(|53|l . Moreover, r satisfies (|5n|) and (|?T|l if and only if R satisfies (|5S)l and ffS7\i . 
Hence the bijection between R-matrices and braidings. D 
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Corollary 8.6. If R is an K-matrix for a bimonad T, then R21 = R*^^(Tc,c is 
also an K-matrix for T . Moreover, if t is the braiding on T-C associated with R, 
then its mirror t is the braiding on T-C associated with R21 ■ 

Proof. Let R, R' be two R-matrices for T and let r, r' be their associated braidings 
on T-C (see Theorem 18. 5|) . Given two T- modules {M,r) and {N,s), we have 

TiN.,s),(ALr)TlM,r},{N.,s) ^ (r <E) s)i?Ar,Af (« ® r)R'jy,ij^ 

= {rT{r) (g) sT{s))Rt(n),t{m)R'm,n 

= {rfir <E) s^s){R2s)t{M),t{n)R'm,n by © 

= (r «. S){R2S * R')m.N = (i?24 * R')lN.s)^iALrr 

As a result, by Lemma [1.31 r' = t if and only if R' = R^^^^ . D 

Corollary 8.7. Let T be a quasitriangular bimonad on a monoidal category C. 
Then its H-matrix R verifies (id (g) To)i?i,x = rjx = {Tq (g) id)i?x,i as well as the 
following Yang-Baxter equation: 

(Mz ® /iF «) IJ'x){Rt{y),t{z) ® idT2(x))(idT(F) «> Rt{x).z){Rx.y ® idz) 

= (mz (E) fiY 'S> ^x)(idT2(z) (^ Rt(x),t(y)){Rx,t(z) ® idT(i'))(idx ® Ry,z)- 

Moreover, if C is left autonomous and T has a left antipode s', then 

R*x,Y = (idT(jf)®T(y) ® evx{sx ® idx)) 

(idT(x) <8 R'^T(x),Y ® idx)(coevT(jf) «) idy^x); 

^Rx.Y = {Sy ® S^)i?vj,(x)/T(l')- 

Likewise, if C is right autonomous and T has a right antipode s"^ , then 

R*x,Y = (evy(idF (g) sy) ® idT(x)®T(y)) 

(idy (g) Rx,T(Y)'^ ® idT(y))(idF®x ® c'oevT(y)); 
^jf.y = (sy- ® s'x)Rt(x)^ .T(Yy ■ 



Proof. The corollary results, by standard application of Lemma 11.31 from the 
facts that a braiding r satisfies tx,i = idx = Ti_x, the Yang Baxter equation, 
T^\ = (id(8)evj(-)(id(g)'?^x,F®id)(coevjf (gid) and ^(rx.y) — t^x.'^y when C is left au- 
tonomous, and T^ y = (evy(gid)(idg)rx,Yv(gid)(id(gcoevy) and (tx.y) = 'Of^^yv 
when C is right autonomous. D 

Corollary 8.8. Let T be a quasitriangular bimonad on an autonomous category C. 
If T has a left (resp. right) antipode, then T has also a right (resp. left) antipode, 
and so is a quasitriangular Hopf monad. 

Proof. Suppose that T has a left antipode. Since T-C is left autonomous (by 
Theorem l^fa)) and braided (by Theorem 18. 5|) . T-C is also right autonomous. 
Hence T has a right antipode (by Theorem l3.8r b)). D 

8.3. Drinfeld elements. In this section, T is a quasitriangular Hopf monad on a 
sovereign category C (see Section ITTTl . Let (p: \c -^ ^^? be the sovereign structure 
of C and R be the R-matrix of T. 
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The Drinfeld element of T is the functorial morphism u G Hom(1c,T) defined, 
for any object X of C, by: 

(58) ux = (evT(x)(sT(x) ® idT(x))-Rx,"'T2(jf) ® M^'/'T2(x))(i^^ ® coewj^j^^^). 

Example 8.9. Let H he a finite-dimensional quasitriangular Hopf algebra over 
a field k. Recall that H^iJ is a quasitriangular Hopf monad on vect(k) (see Ex- 
ample I^J. Then the Drinfeld element u of H(E)^^7 is given by ux{x) = d (g) x, 
where d is the (usual) Drinfeld element of H. Recall that d — '^- S{bi)ai, where 
r = J2i cii ® bi ^ H (g) H is the R-matrix of H. 



Lemma 8.10. We have UxiU) = (t>u\ where Ut'- T-C -^ C is the forgetful functor, 
?' : Hom(1c,T) -^ Hom([/t,C/t) is the canonical bijection of Lem,m,a M.'A andU is 
the Drinfeld isomorphism of T-C (see Section \H.l\) . 

Proof. Let {M,r) be a T- module. By Theorems 13.81 and 18.51 we have 

= {evM{sMT{\) (g) r)RM,^M ® idvv^,^)(idAf coew^^) 
= {(iVT{M){sMTC{rT{r))) (g) idT(M))^A.//M ® idvvjv,j)(idA^ (g coew^.j) 
= {evT{M){sMTC{rfiM)) <g '^<^t{M))Rm,''m ® idvvA^)(idAf coewjv^ ) 
= (evT(A/f) (sm ® ''^'^t(M))Rm,"t-^(m) ® ^'^(''MM))(idAf ® coev-^j,2(^M))- 

Since 4>J^'^'^{r^M) = r^lM't'T^M)^ '^^ S*^* UT{U(M,r)) = 4>MrUM = '/'A/^*(A/,r)- '-' 

Proposition 8.11. T/ie Drinfeld element u of T satisfies: 

(a) T2M0 = (w (g) -u) * i?*"^ * R*2i^ , where {T2Ug,)x,Y = T2{X,Y)ux(g)Y; 

(b) TqMi = idi; 

(c) u is *-invertible and, for any object X of C, 

u^-i = (ewx ® idT(jf))((/)x «> (s^ ® Mx)i?T(x).T(Js:)-coevT(js:)); 

(d) 5^ = ad„, where S^ and ad„ are as in |(7|) and (|48l) respectively. 

Proof. Denote r the braiding of T-C induced by R. Let U be the Drinfeld iso- 
morphism of T-C (see Section KT]i and ?« : Hom(1c,T) ^ Hom(C/t,C/t) be the 
canonical bijection of Lemma [1.21 Recall that Ut(U) = 4>u^ by Lemma [8. 101 
Let us prove Part (a). Let (M,r) and (N,s) be T-modules. By Lemma fS.lf a'). 

Evaluating with Ut, and since UT{U)(M,r) = 4>MUijy.j ^^ — (pM^UM, we get: 

(j>M®N{r (Xi s)T2(Af, N)uM®N = {(f>MruM ® cj)NSUN){r ® s)R]^^^{s (g r)R*jf^lj. 
Therefore, since is a monoidal isomorphism, 
ir(i)s)T2iM,N)uM0N 

= {ruM ® suN){rT{r) ® sT{s))R^-^lj^j,f^j^.^R*^^lj 

= {rT{r)uT(M) ® sT{s)uT{N)){t^M ® 1^n)Rt'(Ii),t{n)^*n.m by ® 
= {r^iMUT(M) ® s^iNUT{N)){l^M ® 1^n)R*t[m)^t{n)^*n,m by ® 
= {r® s){{u (g u) * i?*-i * R*2i^)mn- 
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Hence Part (a) by Lemma [1.31 
Let us prove Part (b). We have: 

TqMi = ^^"(^(i).,,!)'?! by LemmaOl 
= To0j;(\jC/t(^t(i),pi))'7i 

= 01 ^^%t/T(W(T(l),Mi))'7l 

— (jx^ Ut {i^{i,To))To'rii since Tq is T-linear by Hlfi|l 

= 0-Vt(W(i,To)) by CHI) 
= idi by Lemma [8. If b^. 

Let us prove Part (c). Set u' = {UT{U^^)<j)f G Hom(1c,T), that is, 

u'x = (evvjf <E)idT{x)){<Px <E) (s^ ® Mx)^T(x),T(x)*coevT(x))- 



/-i^ 



Then u'«u« = UT{U-^)4>(i>-'^UT{U) = idy^ and u«m'« = (j)-^UT(U)UTiU- 
idu^. Therefore u' =>= u — i] — u * u' hy Lemma |l. 21 that is, u is *-invertible with 
inverse u' . 

Finally, let us prove Part (d). The functorial morphism (pu^ G Hom(C/t, ^^?C/t) 
lifts to the functorial morphism U e HOM(ly_c, '^'^'^t-c) by Lemma l^.lOl Therefore 
L„ = RuS^ by Lcmma l7.5l and so S^ = ad„ since u is *-invertible. D 

8.4. Ribbon Hopf monads. Let T be a monad on a monoidal category C. Recall 
(see Section Fl .211 that 9 G HOM(lcr) is *-invertible if there exists a (necessarily 
unique) functorial morphism 9*~^ G Hom(1c, T) such that 9*~^ *9 — r/ — 9 * 9*^^, 
where * is the convolution product as defined in ©. Recall also (see Section [T3jl 
that 9 G Hom(IcT) is central if nxSrix) = l^xT{9x) for all object X of C. 

A twist for a quasitriangular bimonad T on a monoidal category C is a central 
and ^-invertible functorial morphism 9: Iq —^ T such that: 

(59) T29^ ^{9® 9)* i?2i * R, 

where R is the R- matrix of T and i?2i = R(^c.c- Explicitly, (|59|) means 

T2{X,Y)9x®Y — (MX^T(X)MX ® t^YOT{Y)t^Y)RT{Y).T{X)Rx,Y 

for all objects X, Y of C. 

A twist of a quasitriangular Hopf monad on an autonomous category is said to 
be self- dual if it satisfies: 

(60) S{9) = 9, 

where S: Hom(IcT) -^ Hom(IcT) is the map defined in ^. Explicitly, ^ 
means that ^9x = Sjf^^TfJC) (or 6*^ = s5(^6'2^(x)'^) for all object X of C 

A ribbon Hopf monad is a quasitriangular Hopf monad on an autonomous cate- 
gory endowed with a self-dual twist. 

Example 8.12. Let H he & finite-dimensional quasitriangular Hopf algebra over 
a field k. Then H®\^1 is a quasitriangular monad on vect(k), see Example 18.41 
Let V € H and set 9x (x) = w ® a; for any finite-dimensional k- vector space X and 
X E X. Then 9 is self-dual twist for i/^k? if and only if w is a ribbon element for H. 
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Theorem 8.13. Let T be a quasitriangular Hopf monad on an autonomous cate- 
gory C. Any twist 9 for T yields a twist O onT-C as follows: 

e^M,r)^r0M: {M,r)^(M,r) 

for any T -module {M,r). This assignment gives a bijection between twists for T 
and twists on T-C. Moreover, in this correspondence, 6 is self-dual (and so T is 
ribbon) if and only if is self-dual (and so T-C is ribbon). 

Proof. Let 6 G Hom(1c,T) and set Q = 0", where ?' is the canonical bijection 
?»: HoM(lc,T) ^ Hom(C/t,C/t) given by /^V,,) = rfu for aU T-module {M,r). 
In this correspondence, Q is an isomorphism if and only if 9 is *-invertible, and Q 
is T- linear (and so lifts to a functorial morphism It-c ~* 1t-c) if Sind only if 6 is 
central (by Lemma ll.4|) . Moreover O satisfies H53|l if and only if 9 satisfies (|59|l . 
Hence the bijection between twists for T and twists on T-C. Finally, O satisfies 
(1^ if and only if 9 satisfies (|Hn|l by definition of S. D 

8.5. Ribbon and sovereign Hopf monads. By Theorem 18.131 given a ribbon 
Hopf monad T on a autonomous category C, the category T-C of T-modules is 
ribbon and so sovereign. Nevertheless C itself is not necessarily sovereign. In this 
section, we study the case when C is sovereign, which allows to encode the sovereign 
structure on T-C by a sovereign element of T. Recall that a sovereign element G 
of T is a grouplike element of T satisfying S'^ — ad^, where S'^ is the square of the 
antipode of T (see Section FOll and ad is the adjoint action of T (see Section H"^ . 

Theorem 8.14. LetT be a quasitriangular Hopf monad on an sovereign category C. 
Let u be the Drinfeld element ofT. Then the map 9 i—^ G = u*9 defines a bijection 
between twists of T and sovereign elements of T. In this correspondence, a twist 
9 is self-dual (and so T is ribbon) if and only if the sovereign element G = u * 9 
satisfies S{u) = G*-^ *u* G*-^ . 

Proof. Let (j) be the sovereign structure on C, W be the Drinfeld isomorphism of 
T-C (see Section|OJ, 1^: Hom(1c,T) -^ Hom([/t,C^t) be the canonical bijection 
of Lemma ll.2l and ?^ be the inverse of?". Recall that Ut^M) — 'Pu^ by Lemma r8.1()l 
By Proposition 1^1 the assignment Q f-* UQ defines a bijection between twists on 
T-C and sovereign structures on T-C. By Theorem 18.131 twists on T-C are in 
bijection with twists 9 for T. By Proposition ^31 sovereign structures on T-C are 
in bijection with sovereign elements G of T. Hence a bijection between twists 9 for 
T and sovereign elements G of T, which is given by: 

9^G= {(J3-^Ut{UQ))^ = {u^^f ^u*9. 

Via this correspondence, we have S{9) ~ 9 \i and only if S{u*^^ * G) = u*^^ * G 
or, equivalently (see Lemmas [3.141 and f3 . 1 7|l . S{u) — G*^^ *u* G*^^. D 

Corollary 8.15. Let T be a ribbon Hopf monad on a sovereign category C, with 
twist 9 and Drinfeld element u. Then 9*^^ ~ u * S{u) — S{u) * u. 

Proof. Since G == m * 6* is grouplike by Theorem 18.141 we have G*^^ = S{G) by 
Lemma mzl Now S{G) = S{u * 9) = S{9) * S{u) ^9* S{u) by Lemma Ell and 
(|5n)l. Therefore 9*~^ * u*~^ = 9 * S{u) and so 9*~'^ = S{u) * u. Likewise, since we 
also have G — 9 * u (because 9 is central), we get 9*^^ = u * S{u). D 
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Corollary 8.16. Let T be a quasitriangular Hopf monad on a sovereign category C. 
Let u he the Drinfeld element ofT. Suppose that T is involutory (see Section \7.5)) . 
Then u*~^ is a twist for T , which is self-dual if and only if S{u) = u. 

Proof. Results directly from Theorem 18 . 1 41 since . when T is involutory, the unit -q 
of T is a sovereign element of T (by Proposition l7.7() . D 

9. Examples and applications 

Throughout the previous sections, we chose the Hopf monad associated with a 
Hopf algebra as a paradigm of the notion of Hopf monad. In this section, we give 
other examples of Hopf monads, so as to illustrate the generality of the notion. 

9.1. Monoidal adjunctions and Hopf monads. Let C and V be categories. It 
is a standard fact (see |Mac98| ) that if (i^: C ^ P, C/: 2? -^ C) is a pair of adjoint 
functors, with adjunction morphisms r/; Ic ^ UF and e: FU — > Id, then T = UF 
is a monad on C, with product jj. = U{sf) : T^ ^ T and unit rj. Also there exists a 
unique functor K:V ^T-C such that UtK = U and KF = Ft- The functor K 
is given hy A^^ ([/(A), C/(e^)). This fact admits the following monoidal version: 

Theorem 9.1. Let 0,7) be two monoidal categories and 11:1)^0 be a strong 
monoidal functor. Assume that the functor U has a left adjoint F . Then F is 
a comonoidal functor and the monad T — UF on C has a canonical structure of 
a bimonad. The canonical functor I'C: T> ^ T-C is strong monoidal and satisfies 
UtK = U as monoidal functors and KF = Ft as comonoidal functors. Further- 
more, if C and T> are left (resp. right) autonomous, then T is a left (resp. right) 
Hopf monad. 

Remark 9.2. Any bimonad or Hopf monad T is of the form of Theorem 19. II since 
the forgetful functor Ut is strong monoidal. Ft is left adjoint to Ut, and T = UtFt. 

Remark 9.3. In the last assertion of Theorem l9.1l it is sufficient to assume that C 
is left (resp. right) autonomous and that, for any object X of C, F{X) has a left 
(resp. right) dual in V. Indeed, this can be seen by applying Theorem 19. II to the 
restriction of U to the full subcategory of V made of objects having a left (resp. 
right) dual. 

Proof of Theorem \9.1\ Denote 77: Ic -^ UF and e: FU -^ Iv the adjunction mor- 
phisms. Define F2 : F(g) -^ F ® F by setting, for any objects X, Y of C, 

F2{X, Y) = ep^x)(,F(Y)F{U2{FiX),FiY)))Fir,x ® Vy) 

and set Fq = etj,F{Uo) : F{lc) -^ l-p. One verifies that (F, F2, Fq) is a comonoidal 
functor. Since U is strong monoidal, we may also view it as a strong comonoidal 
functor (with comonoidal structure defined by C/j"^ ^^^ ^o^)- Therefore both 
T = UF and FU are comonoidal functors by Lemma I2.ir b') . One checks that 
rj: Ic —^ T , £ : FU -^ l-p, and /i = U{ep) : T"^ ^ T are comonoidal morphisms. As 
a result, the monad T — UF is a bimonad. 

For any object A of V, we have K{A) = [U {A) ,U {e a)) ■ For aU objects A,B 
of V, the morphism U2{A,B): U{A) (g) U{B) -^ U{A B) lifts to a (T-linear) 
morphism K2{A, B) : K{A) K{B) -^ K{A ® B). Likewise, U^: Ic ^ U{t-D) lifts 
to a (T-linear) morphism Kq: It-c = (Ic, To) -^ K{tT>). Moreover, {K, K2, Kq) is 
a strong monoidal functor such that UtK = U as monoidal functors, because Ut is 
strict monoidal, faithful, and conservative. We also have KF = Ft as comonoidal 
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functors, since KF ^ {UF,U{eF)) = (r,A*) = Ft, {KF)2 = U2\F,F)U{F2) = 
T2 = {Ft)2, and {KF)o = Uq^U{Fq) - To - {Ft)g. 

Finally, assuming C and T) are both left autonomous, we construct a left antipode 
s' for the bimonad T as follows (the right case can be done similarly). Let A be an 
object of T). Since A has a left dual in V and K is strong monoidal, the T-module 
K{A) has a left dual in T-C. By Lemma 13.91 we may choose this left dual of 
the form ((^C/(A), pA),ev[/(^),coevt/(^)), with pA- T{^U{A)) -^ V(A) uniquely 
determined. One verifies that pA is functorial in A. Note that the T-linearity of 
6V;7(A) and coevm^A) translate respectively as: 

(61) nT{eYu(A)) = eva(A)(PA ® C/(£a))T2(V(A), C/(A)), 

(62) coevy(^)ro = {V{eA) ® pa)T2{U{A), V(A))T(coevy(^)). 

Now, for any object X of C, set s^x = Vpf(x) : tCt{X)) ^ ^X. Clearly s' is 
functorial. Fix an object X of C. By |2Il and the functoriality of p, we have: 

PF{X) = '7T(J>f) fJ-XPFiX) = VT{X) U{eF(X))PF(X) 

= '^VTiX)PFT{X)TCU{eF(X))) = St(X)^(Vx)- 

Therefore we get: 

ToT(evx)r(V ® idx) = ToT(evT(x))r(idvj,(^) ® ryx) 

= evT(x)(4(x)r(Vx) ® Mx)T2(^r(X),r(X))T(idvj,(^) ® 77x) by m 

= eYT^x){si^^x)TC^ix)®idTix))T2CTiX),X) by ©. 

Likewise we have: 

{rix&dvx)coevxTo = (idT(x) ® '^'?x)coevT(jf)'ro 

= (MX V4(x)^(Vx))T2(r(X), ^r(X))T(coevT(jf)) by JHll 

= (MX ® 4)r2(T(X), V(X))r(coevT(jf)) by ©. 

Hence s' satisfies ()2(Jf) and H21|) . that is, s' is a left antipode for T. D 

9.2. Tannaka reconstruction. Fiber functors are an interesting source of exam- 
ples of Hopf monads. 

Let k be a field. Given a k-algebra B, we denote ^Mods the category of i?-bi- 
modules, smods the category of finitely generated B-bimodulcs, sP^'oJs the cate- 
gory of finitely generated projective -B-bimodules, and smod the category of finitely 
generated left B-modules. 

A tensor category over k is an autonomous category endowed with a structure 
of k-linear abelian category such that (E) is bilinear and End(l) — k. Let C be a 
tensor category and i? be a k-algebra. A B -fiber functor for C is a k-linear exact 
strong monoidal functor C — > sMod^. A _B-fiber functor takes values in ^proj^ 
(because it preserves duality) and it is faithful if B is non-trivial (that is, B ^^ 0). 

We say that a tensor category C is bounded if there exists a fc-linear equivalence 
of categories S: C ^ ^mod for some finite-dimensional k-algebra E. By Propo- 
sition 2.14 of |Del90| due to O. Gabber, this is equivalent to the more intrinsic 
following conditions: 

• in C, all objects have finite length and Hom spaces are finite-dimensional; 

• C admits a generator, i.e., an object X such that any object is a subquotient 
of X®" for some integer n. 
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Theorem 9.4. LetC be a bounded tensor category over a fields, B be a non-trivial 
finite- dimensional h- algebra, and uj be a B -fiber functor for C . Then the functor lj , 
viewed as a functor C — > smods, admits a left adjoint F. The endofunctorT = ujF 
is a bimonad on smods and induces, by restriction, a Hopf monad Tq on sProj^- 
The categories To-^proj^ and T-sniods are isomorphic (as h-linear monoidal 
categories). Furthermore, the canonical functor C -^ T-suiods — To-^proj^ is a 
h-linear strong monoidal equivalence. 

Proof. Let R and E be two finitc-diniensional k-algebras. Let G: ^mod -^ flinod 
be a k-linear exact functor. Being right exact, G is of the form hM^e"^ for some 
i?-i?-bimodule M . Since G is left exact, M is flat, and it is also of finite type, hence 
projective. Let ^M be the i?-i?-bimodule 11otiir{rMe^ r.Rr). Then F — e^M®^,? 
is left adjoint to G. So T = GF is a monad on ^mod. Moreover, the canonical 
functor K: gmod — > T- j^^mod is an equivalence if G is faithful (that is, if M is 
faithfully flat as an i?- module). 

Via a k-linear equivalence S: C -^ ^mod, this applies to w: C ^ smods (with 
R~B (E)kB°P), and shows that ui has a left adjoint F. Hence T = uiF is a bimonad 
on siirods by Theorem 19. II The canonical functor K : C —> r-smods is a k-linear 
strong monoidal equivalence. Now uj, and so T, takes values in ^proj^. Denote 
luq: C —^ sproj^ and Fq: sP^^iB ^ ^ the restrictions of uj and F. Then Fq is 
left adjoint to ujq and Tq = Fqujq is a Hopf monad on sPi'^j^ (by Theorem 19. 1|1 . 
Lastly, consider a T-module {N, r), where N is an object of smods. Since K is an 
equivalence, {N,r) is isomorphic to K{Y), for some Y in C, and so A^ ~ ^0^)- In 
particular TV is in ^proj^. Therefore we have T-^mods = To-^proj^, hence the 
theorem. D 

Corollary 9.5. Let C be a semisimple tensor category over a field k. Assume the 
set A of isomorphy classes of simple objects of C is finite and End(V^) — k for each 
simple object VofC. Let B be the k-algebra k . Then there exist a k-linear Hopf 
monad T on smods and a k-linear strong monoidal equivalence C -^ T-smods. 

Proof. By Theorem 4.1 of |Hay03| , we have a canonical B-fiber functor C -^ 
smods. Hence the corollary by Theorem 19.41 noticing that smods = sP^'^Js 
because B is semisimple. D 

9.3. Doubles of Hopf monads. Let C be an autonomous category and T be a 
Hopf monad on C. Assume that the coend 

rYec 



V(r) ®x®Y 



exists for all object X of C Then Dt is a Hopf monad on C (see |BVn6| for details), 
which is called the double of T. 

Consider in particular the double D of the trivial Hopf monad Ic. Note that it 
always exists when, for example, C has a generator or C is finitely semisimple. Then 
D is a quasitriangular Hopf monad, whose category D- C of modules is canonically 
isomorphic (as braided categories) to the center Z{C) of C, see |B V06| . Note that 
the forgetful functor Z{C) ^ C is then monadic. 
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